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Abstract—In this paper, we propose a novel nonconvex ap-
proach to robust principal component analysis for HSI denois-
ing, which focuses on simultaneously developing more accurate
approximations to both rank and column-wise sparsity for the
low-rank and sparse components, respectively. In particular, the
new method adopts the log-determinant rank approximation and
a novel `2,log norm, to restrict the local low-rank or column-
wisely sparse properties for the component matrices, respectively.
For the `2,log-regularized shrinkage problem, we develop an
efficient, closed-form solution, which is named `2,log-shrinkage
operator. The new regularization and the corresponding op-
erator can be generally used in other problems that require
column-wise sparsity. Moreover, we impose the spatial-spectral
total variation regularization in the log-based nonconvex RPCA
model, which enhances the global piece-wise smoothness and
spectral consistency from the spatial and spectral views in the
recovered HSI. Extensive experiments on both simulated and
real HSIs demonstrate the effectiveness of the proposed method
in denoising HSIs.

Index Terms—Hyperspectral image, low-rank, sparse, robust
principal component analysis

I. INTRODUCTION

Hyperspectral imaging is widely used in various applica-
tions, such as biomedical imaging, terrain classification, mili-
tary surveillance, and remote sensing, etc [26], [27], [45], [64],
[68]. Despite the broad applications of hyperspectral images
(HSIs), clean HSIs are rarely obtained due to unavoidable
corruptions by mixed types of noise, such as Gaussian noise,
impulse noise, deadlines, and stripes, in the acquisition process
[60]. Thus, the heavy noise makes it challenging to process
HSIs in various applications, such as classification [32] and
unmixing [29]. Due to the adverse effects of noise, there is a
pressing need for developing effective algorithms to remove
noise from HSIs as a pre-processing step of further HSI
applications for enhanced learning performance.

HSIs contain hundreds of bands sampled from the visible
and infrared range of the electromagnetic spectrum, forming
a 3-order tensor structure similar to RBG images with 3

C.P., Y.L., K.K., and C.C. are with College of Computer Science and Tech-
nology, Qingdao University; Y.C. is with the College of Computer Science,
Harbin Institute of Technology; Z.K. is with the School of Computer Science
and Engineering, University of Electronic Science and Technology of China;
X.W. is with Department of Computer Science, University of Kentucky;
A.C. is with Department of Statistics and Applied Probability, University of
California, Santa Barbara; Q.C. is with the Institute of Biomedical Informatics
& Department of Computer Science, University of Kentucky. C.C. is the
corresponding author with contact information: cclz123@163.com.

channels. In this sense, HSIs can be regarded as extensions of
RBG images [20]. HSIs contain three dimensions, including
two spatial dimensions (along and across the track) and one
spectral dimension (wavelength) [7]. In fact, each band of an
HSI can be regarded as a gray-scale image, and existing image
denoising algorithms can be readily adopted independently in a
band-wise manner to remove noise from HSIs [17]. It should
be noted that there is a stark difference between the tasks
of denoising single gray-scale images and HSIs. Generally,
different bands in an HSI usually have high correlations and
spectral redundancies, which do not exist in gray-scale images.
Unfortunately, simply applying gray-scale image denoising
algorithms to HSI in a band-wise manner ignores the high
correlations between different bands, which omits the special
structural information of HSI and thus leads to unsatisfactory
denoising performance. Thus, despite the great success of
gray-scale image denoising algorithms [2], [12], [17], [41],
there is still an essential demand in designing specialized de-
noising methods for HSIs due to their particular characteristics.

In the last decades, a number of HSI denoising methods
have been developed [35], [42], [71]. For example, [71] pro-
poses a unified probabilistic framework, in which the spatial
and spectral dependencies are simultaneously adopted; [42]
proposes to take both non-local similarity and spectral-spatial
structure of HSIs into consideration in a sparse representation-
based framework. Moreover, methods such as principal com-
ponent analysis (PCA), wavelet shrinkage, anisotropic diffu-
sion, multi-task sparse matrix factorization, and tensor decom-
position, etc., have been considered for HSI denoising [8], [9],
[16], [49], [56], [58], [70]. Most of the above methods require
some specific prior knowledge of the noise. Unfortunately,
such knowledge is rarely available and generally limited in
real-world application, and thus the above methods cannot
remove all types of noise from HSIs. Hence, more effective
methods are urgently in demand.

Recently, low-rank techniques have been developed and
shown successful in various low-rank recovery applications,
such as low-rank matrix factorization, low-rank subspace
learning, HSI denoising, etc [4], [36], [38]–[40], [47], [51].
For HSI denoising, various low-rank approaches have been
attempted, such as low-rank matrix factorization [15], [56],
low-rank tensor decomposition [18], [62], low-rank dictionary
learning [19], low-rank regularization methods [57], etc. The
success of these methods in HSI denoising is based on a
natural assumption that a scene of a clean HSI is composed
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of much fewer endmembers than spectral bands and pixels,
which reveals the natural low-rank structures of HSI [1], [21].
Thus, low-rank based techniques have been widely adopted
to remove noise from HSIs, among which PCA [6] and low-
rank matrix factorization based methods [10] are typical ones.
Unfortunately, these methods are known to suffer from being
sensitive to outliers that commonly exist in HSIs [3]. Thus, it
is generally difficult for these methods to completely remove
outliers, such as stripes, deadlines, and impulse noise from
HSIs. To combat this issue, RPCA models the outliers by
separating a sparse component, which significantly improves
the robustness. In the original paper of RPCA [3], it is proved
that under certain conditions there is a high probability to
correctly separate the low-rank and sparse components from
the observed data.

Traditional low-rank matrix recovery models such as RPCA
adopt the nuclear norm to restrict the low-rank property of
the target matrix. Recently, it has been pointed out that the
nuclear norm as used in the RPCA model is not accurate in
approximating the rank function [10], [25], [37], [52], which
may lead to degraded performance in low-rank recovery [36],
[37]. To solve this issue, nonconvex approaches are attempted
to better approximate the rank function in the RPCA frame-
work [36], which achieves promising performance. Despite
the success of nonconvex rank approximations, nonconvex
approximations of the sparsity are rarely considered in RPCA
model. In this paper, we point out that there is a close
connection between the nuclear norm and the `2,1 norm,
i.e., the rank and column-wise sparsity approximations. For
nonconvex rank approximations, the improved approximating
behaviors actually benefit from the improved approximation
to the sparsity of the singular values, which inspires us to
improve the approximating behavior of the column-wise spar-
sity in RPCA framework with nonconvex approach for more
accurate low-rank and sparse components separation in HSI
denoising [53]. In particular, we propose a log-based column-
wisely sparse approximation, namely the `2,log norm, which
admits some favorable properties, which will be discussed with
details in later sections.

While low-rank recovery models are effective in HSI de-
noising, they only explore the correlation between spectral
bands of HSIs with the low-rank constraints while omit-
ting spatial correlation of local neighboring pixels. Several
approaches have been attempted in low-rank models to in-
corporate spatial information of HSIs, such as wavelets [8],
[43], total variation (TV) regularization [23], [48], and sparse
representation [69], [72], etc. These methods follow a com-
mon strategy by restricting low-rank structure on the overall
HSI with specialized regularization constraints imposed on
it. However, the same material from different local areas of
HSI may have starkly different spectral signatures, which
leads to the increased rank of the overall HSI. Meanwhile,
local areas are likely to contain the same material and thus
the same spectral signature, which implies local-low rank
property of HSI. This inspires the segmentation of the HSI into
overlapping 3D patches [55], [61], where they are processed
sequentially with the RPCA model. Oftentimes, the sparse
noise exists in the same location of some bands and naturally

forms a local low-rank structure. Such noise is considered as
structured sparse noise and is often mathematically treated as
part of the low-rank component by spectral low-rank property.
Consequently, it is difficult for local low-rank models to
remove such noise only with spectral correlation of HSI and
it is demanding to exploit spatial constraint for improved
denoising performance. In fact, clean HSI favors global piece-
wise smoothness and spectral consistency from the spatial
and spectral viewpoints, respectively, which are destroyed by
the structured sparse noise. Thus, in this paper, we follow
[20] and simultaneously seek the separation of low-rank and
sparse matrices with spatial-spectral TV (SSTV) for enhanced
spatial-spectral piece-wise smoothness and consistency. It is
noted that the log-based non-convex approximations to the
rank and column-wise sparsity ensure that the low-rank and
sparse components can be more accurately separated than
traditional methods. Meanwhile, the SSTV term enhances the
global piece-wise smoothness and spectral consistency of the
recovered HSI to remove potential noise remaining in the low-
rank component.

We summarize the key contributions of our paper as
follows: 1) We propose a nonconvex column-wise sparsity
approximation named the `2,log norm, which is more accurate
than the widely adopted convex `2,1 norm in approximating
the column-wise sparsity. With the new approximation, we
propose a novel nonconvex RPCA model with simultaneous
log-based non-convex approximations to the rank and column-
wise sparsity, respectively. 2) For the `2,log-norm regularized
shrinkage problem, we formally provide an efficient closed-
form solution. The `2,log-norm regularized shrinkage problem
and its solution can be generally adopted in various problems
that restrict column-wise or row-wise sparsity, such as ro-
bustness learning, feature selection, etc. 3) Elegant theoretical
analysis results, such as perturbation analysis and boundedness
analysis, are provided to guarantee the desirable properties
of the proposed model, which are essentially important for
unsupervised learning methods. 4) Superior performance is
observed compared with state-of-the-art baseline methods,
which confirms the effectiveness of the proposed method.

II. RELATED WORK

In this section, we will briefly review a few techniques that
are closely related with our work.

A. Robust Principal Component Analysis

Given data matrix X , RPCA assumes that the data can be
decomposed into a low-rank L and a sparse S, which can be
mathematically formed as X = L + S. To obtain the two
components, the classic RPCA aims at solving the following
constrained optimization problem [3]:

min
L,S
‖L‖∗ + λ‖S‖1, s.t. X = L+ S, (1)

where ‖ · ‖∗ is the nuclear norm that adds all singular values
of the input matrix, ‖ ·‖1 is the `1 norm that adds the absolute
values of all elements of the input matrix, and λ ≥ 0 is a
balancing parameter.
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B. Spatial-Spectral Total Variation

For HSI, it is natural that two nearby bands are very
similar, which indicates spectral consistency. Also, HSIs have
spatial correlations. Thus, it is convincing to adopt TV norm
from both spatial and spectral directions for HSI. For an
observed tensor cube M, we denote its (i, j, b)-th element
by (M)i,j,b, where i and j represent the horizontal and
vertical directions while b corresponds to the spectral direction,
respectively. Then the anisotropic spatial-spectral TV norm can
be formulated as

‖M‖SSTV = ‖DxM‖1 + ‖DyM‖1 + ‖DzM‖1, (2)

where Dx, Dy , and Dz perform first-order discrete differences
of M in horizontal, vertical, and spectral directions, respec-
tively, which are defined as

DxM = vec
([

(M)i+1,j,b − (M)i,j,b
])

DyM = vec
([

(M)i,j+1,b − (M)i,j,b
])

DzM = vec
([

(M)i,j,b+1 − (M)i,j,b
]) (3)

with periodic boundary conditions. Here, vec(·) is a linear
operator that reshapes a tensor into a vector. With Eq. (2),
the piece-wise smoothness is restricted in both the spatial and
spectral directions. It is pointed out that the equal weights for
the gradients along different dimensions might not be proper
and Eq. (2) is further extended to the following anisotropic
SSTV regularization:

‖M‖SSTV = τx‖DxM‖1 + τy‖DyM‖1 + τz‖DzM‖1, (4)

where τx, τy , and τz are balancing parameters. In this paper,
we set [τx, τy, τz] = [1, 1, 0.5] as recommended in [5], [20].

C. Deep Convolution Neural Networks for HSI Denoising

Recently, the convolutional neural networks (CNN) has
been widely adopted in image denoising tasks. For example,
the CNN method extracts the intrinsic and different image
features and obtains state-of-the-art performance in natural im-
age denoising [63]. The trainable nonlinear reaction diffusion
(TNRD) [11] is successful for natural images and is further ex-
tended for HSI denoising in [54]. However, these methods do
not fully exploit the characteristics of spectral redundancy in
HSI data. To account for spectral-spatial information in HSIs,
various algorithms are developed. For example, a spatial-
spectral deep residual CNN is developed in [59] with multi-
scale and multi-level feature representation; a modified 3-D
U-net architecture with rich multi-scale information of HSIs
encoding is proposed to exploit spatial-spectral correlations in
HSIs [14]; a 3-D atrous denoising CNN is developed for HSI
denoising, which extracts feature maps along both spatial and
spectral dimensions [33]; a novel framework focuses on non-
i.i.d. noise removal from HSIs a deep spatio-spectral Bayesian
posterior (DSSBP) structure [67]; a spatial-spectral gradient
learning strategy is adopted in CNN to extract intrinsic and
deep features of HSIs [66]. Most of the deep learning methods
as mentioned above are based on ResNet [33], [59], U-Net
[14], or plain CNN [66], [67]. Although these methods obtain
promising performance in HSI denoising, they only exploit

local spectral and spatial information from HSIs, which is
still inefficient in fully exploiting global and local spectral-
spatial information of HSIs. Thus, it is still in urgent need
of developing more efficient methods for noise removal from
HSIs.

III. SSTV REGULARIZED NONCONVEX RPCA

For the observed HSI O ∈ RM×N×p, it is natural to
separate the clean part L ∈ RM×N×p and noise part S ∈
RM×N×p as O = L+ S. Due to the nature of HSIs, usually
the adjacent bands are highly correlated, which leads to the
low-rank structure. For HSIs, the spectral signatures of the
same local area are more likely to be the same, which inspires
us to exploit the local low-rank property of the HSIs. Thus,
we divide the HSI into overlapping patches and exploit the
patch-wise local low-rank structure. Specifically, for the tensor
L, we first find an m × n × p patch cube centralized at
location (i, j). Then we vectorize all patch bands and form
its corresponding Casorati matrix Li,j ∈ Rmn×p, with each
column of Li,j being a vectorized patch band. Similarly, we
define the Casorati matrices Oi,j and Si,j from O and S. With
these definitions, the target is to separate low-rank Li,j and
sparse Si,j from the observed matrix Oi,j . To keep the spatial
structural information of Si,j , we adopt the `2,1 norm in the
low-rank and sparse separation model [3], [30], which leads
to the following patch-based RPCA model [20]:

min
L,S

∑
i

∑
j

{
‖Li,j‖∗ + λ‖Si,j‖2,1

}
s.t. Oi,j = Li,j + Si,j ,

(5)

where ‖Si,j‖2,1 =
∑p
t=1 ‖(Si,j)t‖2 is the `2,1 norm that

restricts column-wisely sparse structure for Si,j with ‖ · ‖2
being the `2 norm, and i, j vary such that the patches overlap
and cover the overall data. In this paper, we follow the strategy
in [20] and simultaneously process all patches such that the
correlation of the patches can be preserved.

Recently, it is pointed out that the nuclear norm is not
accurate in approximating the true rank of a matrix, and
the use of the nuclear norm may lead to degraded per-
formance in low-rank recovery problems [36], [37]. It is
natural that the rank should be estimated properly in low-
rank recovery problems. To combat the issue of the nuclear
norm, nonconvex approaches to rank approximation have been
developed with more accurate approximating behavior and
have drawn significant attentions in various problems with
promising performance [25], [53], [55]. In this paper, due to
the efficiency in optimization, we adopt the log-determinant
rank approximation [36], [37] to replace the nuclear norm
in above model. The log-determinant rank approximation is
defined as

‖Li,j‖log det = log det(I + (LTi,jLi,j)
1
2 )

=
∑p

s=1
log(1 + σs(Li,j)),

(6)

where I is an identity matrix with proper size and σs(·) returns
the sth largest singular value of the input matrix. Thus, model
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Eq. (5) is further developed into

min
L,S

∑
i

∑
j

{
log det(I + (LTi,jLi,j)

1
2 ) + λ‖Si,j‖2,1

}
s.t. Oi,j = Li,j + Si,j .

(7)

In fact, the success of nonconvex approach to rank approxima-

Fig. 1: Illustration of the relationship between the log-
determinant rank approximation and the column-wisely sparse
approximation, i.e., the `2,log norm.

tion is based on the closer approximation to the sparseness of
the singular values than the nuclear norm. As shown in Fig. 1,
there is a close connection between the low-rank and sparse
approximation problems. It is seen that the nuclear and the
`2,1 norms are essentially the `1 norm of singular values and
column-wise `2 norms, respectively. Thus, by adding the `2
norm of all columns, the `2,1 norm suffers from a similar issue
to the nuclear norm and thus is not accurate in approximating
the true column-wise sparsity. Inspired by the success of log-
determinant rank approximation, in this paper we propose
a log-based column-wisely sparse approximation, the `2,log

(pseudo) norm, to restrict the column-wise sparseness of Sij :

‖A‖2,log =
∑
j

log(1 + ‖aj‖2), (8)

where A = [· · · , aj , · · · ] is the input matrix, and ‖ · ‖2 is the
`2 norm. The `2,log norm admits the following properties:

1) ‖A‖2,log ≥ 0 for any matrix A and ‖A‖2,log = 0 if and
only if A = 0.

2) The `2,log norm is nonconvex, continuous, and
differentiable for nonzero columns, where ∂‖A‖2,log

∂A =
[ a1
‖a1‖2(1+‖a1‖2) , · · · ,

aj
‖aj‖2(1+‖aj‖2) , · · · ,

an
‖an‖2(1+‖an‖2) ].

2) For ‖aj‖2 6= 0,
∑
j log(1 + ‖aj‖2) <

∑
j ‖aj‖2, which

implies that `2,log norm is more accurate than the `2,1
norm in approximating the sparsity for large values and
noise effects for small values, respectively.

3) As will be clear in later section, the `2,log norm has
smaller expectation than `2 norm and is better in esti-
mating noise effects.

4) As will be clear in later section, the triangle inequality
holds for `2,log.

Thus, with the `2,log norm, Eq. (7) is further developed into

min
L,S

∑
i,j

log det(I + (LTi,jLi,j)
1
2 )

+ λ
∑
i,j

∑
t

log(1 + ‖(Si,j)t‖2)

s.t. Oi,j = Li,j + Si,j .

(9)

In above model, the sparse term helps remove sparse noise
from the data while the low-rank term helps retain the useful
structural information that is highly correlated among different
bands. It is seen that Eq. (9) is a patch-based model, which
learns the local low-rank property of HSIs. Although patch-
based low-rank recovery methods are successful in HSI de-
noising [13], [55], [60], they fail to exploit global structural
information, i.e., correlations of spatial pixels and spectral
bands of HSIs, which may lead to failure in noise removal
[20]. To address this issue, we integrate the SSTV with Eq. (9)
to seek local low-rank and TV properties in both spatial and
spectral domains and obtain the following model:

min
L,S

∑
i,j

{
‖Li,j‖log det + λ‖Si,j‖2,log

}
+ γ‖L‖SSTV

s.t. Oi,j = Li,j + Si,j ,
(10)

where γ ≥ 0 is a balancing parameter. We name the model in
Eq. (10) the Log-based Local Low-rank and Sparse separation
model with Spatial-Spectral Total Variation (L3S3TV). It is
seen that the L3S3TV model exploits both local and global
structures of HSIs, where the local low-rank property of HSIs
are sought with the first two terms, and the correlations
of spatial pixels and spectral bands are exploited with the
SSTV term. For the optimization, we will develop an efficient
algorithm in the next section.

Remark: For the `2,log norm, we have the following con-
clusions. The following discussions can be generalized to the
other columns and the overall matrix. For a specific column of
a matrix, we denote the elements by X1, · · · , Xd. Then, for
any distributions of X ′is, the expectation of the log-based ap-
proximation is generally less than the `2-based approximation,
which can be formally analyzed in the following:

E

(
log

(
1 +

√∑d

i=1
X2
i

))

=

∫ +∞

0

log(1 +
√
y)f∑d

i=1X
2
i
(y)dy

<

∫ +∞

0

√
yf∑d

i=1X
2
i
(y)dy = E

(√∑d

i=1
X2
i

)
,

(11)

where f∑d
i=1X

2
i
(y) is the probability density function for y =∑d

i=1X
2
i .

Moreover, for essentially small values of
∑d
i=1X

2
i , it is

natural that such values correspond to noise and the corre-
sponding columns are indeed sparse. Thus, for such small
values, it is essentially important that the approximation is
close to 0 rather than 1 to distinguish noise effects and useful
information. It is noted that log(1+

√
x) <

√
x holds for small

x, which indicates that the log-based approximation is closer
to 0 than the `2-based approach and thus is more accurate in
approximating the real sparsity. Thus, it is expected that the
log-based approximation is more accurate in approximating
the real sparse indicator of the columns than the `2-based
approach.
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IV. OPTIMIZATION

In this section, we will develop an efficient optimization
algorithm for Eq. (10) based on the augmented Lagrange
multiplier method (ALM). In particular, we first introduce
some auxiliary variables to Eq. (10) and obtain the following
equivalent model:

min
L,S,A,B,C

∑
i,j

{
‖Li,j‖log det + λ‖Si,j‖2,log

}
+ γ‖L‖SSTV

s.t. Oi,j = Li,j + Si,j ,Li,j = Ai,j ,A = B, C = DB,
(12)

where D = [τxDx, τyDy, τzDz] denotes the TV operator in the
spatial and spectral directions and

DB = [τxDxB, τyDyB, τzDzB] ∈ RMNp×3. (13)

Then we need to optimize the augmented Lagrange function
as follows:

min
L,S,A,B,C,ZA,ZB,ZC,ZO

∑
i,j

{
‖Li,j‖log det+λ‖Si,j‖2,log

+
ρ

2
‖Oi,j − Li,j − Si,j +

1

ρ
ZOi,j‖2F

+
ρ

2
‖Li,j −Ai,j +

1

ρ
ZAi,j‖2F

}
+ γ‖C‖1 +

ρ

2
‖C − DB +

1

ρ
ZC‖2F

+
ρ

2
‖A − B +

1

ρ
ZB‖2F ,

(14)
where O,L,S,A,B,ZO,ZA,ZB ∈ RM×N×p, C,ZC ∈
RMNp×3, and ‖M‖F denotes

√∑
a,b,c(M)2

a,b,c for tensor
M for ease of notation. Next, we will develop the alternating
optimization strategies for each variable, respectively.

A. Li,j-minimization

To optimize Li,j , we have the following sub-problem

min
Li,j

∑
i,j

{
‖Li,j‖log det +

ρ

2
‖Li,j −Ai,j +

1

ρ
ZAi,j‖2F

+
ρ

2
‖Oi,j − Li,j − Si,j +

1

ρ
ZOi,j‖2F

}
.

(15)

The above problem can be solved for each Li,j independently
with

min
Li,j
‖Li,j‖log det +

ρ

2
‖Li,j −Ai,j +

1

ρ
ZAi,j‖2F

+
ρ

2
‖Oi,j − Li,j − Si,j +

1

ρ
ZOi,j‖2F .

(16)

Let Xij =
Oi,j−Si,j+ 1

ρZ
O
i,j+Ai,j− 1

ρZ
A
i,j

2 , then with straightfor-
ward algebra, the problem Eq. (16) is equivalent to

min
Li,j

1

2ρ
‖Li,j‖log det +

1

2
‖Li,j −Xi,j‖2F . (17)

For a matrix D, we define P(D), Q(D), and σi(D) to be
its left and right singular vectors and the i-th largest singular

value, respectively. Then, similar to [36], [37], Eq. (17) admits
a closed-form solution with the following operator:

Li,j = D 1
2ρ

(Xi,j), (18)

where Dδ(D) = P(D)diag{σ∗i }(Q(D))T , with

σ∗i =

{
ξ, if fi(ξ) ≤ fi(0) and (1 + σi(D))2 > 4δ,

0, otherwise,
(19)

where
fi(x) =

1

2
(x− σi(D))2 + τ log(1 + x)

and

ξ =
σi(D)− 1

2
+

√
(1 + σi(D))2

4
− δ.

B. Si,j-minimization

The sub-problem associated with optimization of Si,j is

min
Si,j

∑
i,j

λ‖Si,j‖2,log+
ρ

2
‖Oi,j−Li,j−Si,j+

1

ρ
ZOi,j‖2F , (20)

which can be solved in an element-wise manner with

min
Si,j

λ

ρ
‖Si,j‖2,log +

1

2
‖Oi,j − Li,j − Si,j +

1

ρ
ZOi,j‖2F . (21)

Problem in a format of Eq. (21) is a `2,log-regularized shrink-
age problem. We formally give the following theorem to solve
it.

Theorem IV.1 (`2,log-shrinkage operator). Given matrix Y ∈
Rd×n and a nonnegative parameter α, the following problem

min
W∈Rd×n

1

2
‖Y −W‖2F + α‖W‖2,log (22)

is called `2,log-regularized shrinkage problem, which admits
closed-form solution in a column-wise manner:

wi=

{
ξ
‖yi‖2 yi, if fi(ξ) ≤ ‖yi‖

2
2

2 , (1+‖yi‖2)2

4 >α, and ξ > 0

0, otherwise,
(23)

where fi(x) = 1
2 (x−‖yi‖2)2+α log(1+x), and ξ = ‖yi‖2−1

2 +√
(1+‖yi‖2)2

4 − α.

Proof: It is easy to see that Eq. (22) can be solved with respect
to each wi independently. For wi, the sub-problem is

min
wi

1

2
‖yi − wi‖22 + α log(1 + ‖wi‖2).

We may treat wi as a special matrix and perform thin SVD to
it. Then it is seen that wi has exactly one singular value, which
is σ(wi) =

√
wTi wi = ‖wi‖2, where σ(·) is the singular value

of the input vector. Thus, optimizing wi is equivalent to

min
wi

1

2
‖yi − wi‖22 + α log(1 + σ(wi)). (24)

Hence, according to [36], [37] and Section IV-A, the solution
to Eq. (24) is obtained with wi = uiσ

∗(wi)v
T
i , where ui and

vi are left and right singular vectors of yi, respectively, and

σ∗(wi)=

{
ξ, if fi(ξ)≤fi(0), (1+σ(yi))

2

4 >α, and ξ > 0

0, otherwise,
(25)

Authorized licensed use limited to: China University of Petroleum. Downloaded on September 25,2022 at 12:55:10 UTC from IEEE Xplore.  Restrictions apply. 



6

with
fi(x) =

1

4
(x− σ(yi))

2 + α log(1 + x),

and

ξ =
σ(yi)− 1

2
+

√
(1 + σ(yi))2

4
− α.

If yi = 0, then wi = 0 is clearly the optimal solution and
Eq. (23) is true. Thus, it suffices to consider yi 6= 0. In this
case, it is straightforward that yi = yi

‖yi‖2 ‖yi‖2[1] is a thin
SVD of yi. Here, the notation [1] represents a special row
matrix with only one column that is 1. We substitute ui =
yi
‖yi‖2 , σ(yi) = ‖yi‖2, and vi = [1] into above equations,
which leads to Eq. (23) and concludes the proof. 2

For ease of notation, we denote the `2,log-shrinkage operator
of Eq. (23) as Tα(Y ), generating the solution to Eq. (20):

Si,j = Tλ
ρ

(Oi,j − Li,j + ZOi,j/ρ). (26)

It is seen that the log-based shrinkage problem admits a closed-
form solution, which is more efficient than existing approaches
that adopt iterative optimization strategy such as [10], [53].

C. A-minimization

The sub-problem associated with optimization of A is

min
A

∑
i,j

ρ

2
‖Li,j−Ai,j+

1

ρ
ZAi,j‖2F +

ρ

2
‖A − B +

1

ρ
ZB‖2F (27)

We define 1{·} to be an indicator function, which returns 1 if
the condition in the subscript is satisfied and 0 otherwise. Then
the above problem for A can be rewritten in an element-wise
manner for each (A)a,b,c as follows:

arg min
(A)a,b,c

(
(A)a,b,c − (B)a,b,c +

1

ρ
(ZB)a,b,c

)2

+

(
(L)a,b,c − (A)a,b,c +

1

ρ
(ZA)a,b,c

)2∑
i,j

1{(A)a,b,c∈Ai,j},

(28)
where

∑
i,j 1{(A)a,b,c∈Ai,j} counts the number of times that

(A)a,b,c is overlapped in Eq. (27). It is seen that the problem
is quadratic in (A)a,b,c, which admits closed-form solution
with the following first-order optimality condition. Thus, we
have the following closed-form solution for A.

(A)a,b,c

=
1

1 +
∑
i,j 1{(A)a,b,c∈Ai,j}

{
(B)a,b,c −

1

ρ
(ZB)a,b,c

+
∑
i,j

1{(A)a,b,c∈Ai,j}

(
(L)a,b,c +

1

ρ
(ZA)a,b,c

)}
.

(29)

D. B-minimization

The sub-problem associated with optimization of B is

min
B

ρ

2
‖C − DB +

1

ρ
ZC‖2F +

ρ

2
‖A − B +

1

ρ
ZB‖2F (30)

which can be solved with the following equation:

(DTD + I)B = DT (C + ZC/ρ) + (A+ ZB/ρ), (31)

which can be efficiently solved by the fast Fourier transform
(FFT):

B = F−1

[
F(DT (C + ZC/ρ) + (A+ ZB/ρ))

1 + F(τxDx)2 + F(τyDy)2 + F(τzDz)2

]
. (32)

E. C-minimization

The sub-problem associated with optimization of C is

min
C
γ‖C‖1 +

ρ

2
‖C − DB +

1

ρ
ZC‖2F (33)

The above problem can be solved with the soft-shrinkage
operator in an element-wise manner, which leads to

Ci,j = max
(
(DB − ZC/ρ)i,j − γ/ρ, 0

)
. (34)

F. Updating of ZOi,j , ZAi,j , ZB, ZC , and ρ

We update the following variables in a standard way:

ZOi,j =ZOi,j + ρ(Oi,j − Li,j − Si,j),
ZAi,j =ZAi,j + ρ(Li,j −Ai,j),
ZB =ZB + ρ(A− B),

ZC =ZC + ρ(C − DB),

ρ =ρκ,

(35)

where κ > 1 is a parameter that keeps ρ increasing along
with the optimization iterations. We summarize the above
optimization strategy in 1.

To analyze the complexity of the proposed algorithm, we
first consider the complexity of updating each patch at each
iteration as follows. To update Li,j with Eq. (18), the major
complexity comes from the computation of SVD, which has
a complexity of O(min(mn2,m2n)). To update Si,j with
Eq. (26), the complexity is O(mn). To update Ai,j ,Bi,j ,
and Ci,j with Eqs. (29), (32) and (34), the complexity for
each variable is O(mn), O(mn log(mn)), and O(mn), re-
spectively. To update ZOi,j ,ZAi,j ,ZB, and ZC by Eq. (35), the
complexity is O(m,n). In summary, the overall complexity
for each patch at each iteration is O(min(mn2,m2n)) +
mn log(mn)). Thus, the overall complexity of the proposed
algorithm is O(MN

mn tmax(min(mn2,m2n) +mn log(mn))) =
O(MN(min(m,n)+log(mn))tmax). Often times, for the path
size we have m = m and thus the overall complexity can be
reduced to O(MNntmax).

Algorithm 1 HSI restoration via L3S3TV model.
Input: Observed HSI O ∈ RM×N×p, patch size m × n, stopping criterion ε,

maximum number of iterations tmax, balancing parameters λ, γ, τ , parameters
ρmax, ρ(0), κ.

1: Initialize:L(0),S(0),A(0),B(0), (ZO)(0), (ZA)(0), (ZB)(0), C(0), (ZB)(0),
t = 1.

2: Repeat
3: Update all patches

(
(Li,j)(t), (Si,j)(t)

)
by Eq. (18) and Eq. (26), respectively;

4: Update A(t),B(t), C(t) by Eqs. (29), (32) and (34), respectively;
5: Update (ZO)(t), (ZA)(t), (ZB)(t), and (ZC)(t) by Eq. (35);
6: Update ρ(t) := min

(
ρ(t−1)κ, ρmax

)
7: Check the convergence condition:

max
{
‖Oi,j − L(t)

i,j − S
(t)
i,j ‖∞, ‖L

(t) −A(t)‖∞, ‖A(t) − B(t)‖∞,
‖C(t) − DB(t)‖∞

}
≤ ε or t ≥ tmax.

8: t = t+ 1.
Output: Denoised image L = L(t);
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V. PERTURBATION ANALYSIS

In the objective function given in Eq. (10), the log-
determinant and `2,log norm are nonconvex. In general, the
algorithm of L3S3TV can only find a local minimum. Inspired
by [31], we can formulate the estimation error between the
unknown global minimum and the computationally obtained
local minimum as estimation noise. This formulation will
need the following lemma.

Lemma V.1. The `2,log-norm satisfies triangle inequality.

Proof: Let A and B that be two matrices of the same size.
Denote the j-th column of matrix X by Xj . Then, we have

‖A‖2,log + ‖B‖2,log

=
∑

j
log(1 + ‖Aj‖2) + log(1 + ‖Bj‖2)

=
∑

j
log(1 + ‖Aj‖2 + ‖Bj‖2 + ‖Aj‖2‖Bj‖2)

≥
∑

j
log(1 + ‖Aj +Bj‖2) = ‖A+B‖2,log. 2

By using this property of the `2,log-norm, we can bound the
estimation noise at a certain level as follows. Without loss of
generality, we consider an arbitrary patch of Eq. (10) and then
the conclusion can be generalized to the overall objective.

Theorem V.1. Given a nontrivial observation data matrix
O, let L∗ and S∗ = O − L∗ be a pair of global solution
minimizing the objective in L given in Eq. (10). For any
sufficiently small ε > 0, there exists an δ > 0 such that
for any non-negative observation matrix Ō = O + E with
‖E‖2,log ≤ δ, we have

JL∗(L) := ‖L∗−L‖log det+λ‖L∗−L‖2,log+µ ‖L∗−L‖SSTV < ε,

where L is a local solution of Ō estimated by the algorithm
for solving Eq. (10).

Proof: First, define the main objective function of Eq. (10)
to be R(L;O). Without loss of generality, we will consider
λ = 1 and other λ values can be similarly treated. Now take
a sufficiently small ε which is 0 < ε < ‖L∗−O‖2,log, and let
δ1 = R(L∗;O). Note that δ1 > 0, because δ1 = 0 is equivalent
to O = 0, violating the condition on O. Necessarily we have
ε < δ1.

Let G be the open set of all L close to L∗:

G := {L | JL∗(L) < ε}.

Also, define a set B := {L | max(L) ≤ e ξ+δ1−1+max(O)},
where ξ is a positive constant. Let Ḡ := {L | JL∗(L) ≥
ε} ∩ B. Because Ḡ is bounded and closed and the norms are
continuous, we have minL∈Ḡ{R(L;O)−R(L∗;O)} = δ′ > 0.

For L̂ /∈ G and max(L̂) > e ξ+δ1 − 1 + max(O), it is
straightforward to verify that ‖O − L̂‖2,log =

∑
j log(1 +

(
∑
i(Oi,j−L̂i,j)2)1/2) ≥ log(1+max(L̂)−max(O)) > ξ+δ1.

Here max(A) operates on the set of all elements of a matrix A.
Therefore, R(L̂;O)−R(L∗;O) ≥ ‖L̂−O‖2,log−R(L∗;O) >
ξ + δ1 − δ1 = ξ. Now take δ = min{ξ, δ′}/3, then we have
R(L̂;O)−R(L∗;O) ≥ 3δ, for any L̂ /∈ G.

For any Ō such that ‖Ō − O‖2,log < δ, by the triangle
inequality of `2,log norm, we have R(L̂; Ō) + ‖O− Ō‖2,log ≥
R(L̂;O). Similarly, we have R(L∗; Ō) + ‖O − Ō‖2,log ≥
R(L∗;O). Therefore, we have

R(L̂; Ō)−R(L∗; Ō) ≥ R(L̂;O)− ‖O − Ō‖2,log −R(L∗; Ō)

≥ R(L̂;O)−R(L∗;O)− 2‖O − Ō‖2,log

> 3δ − 2δ = δ. (36)

All solutions that are not in G will not be a minimizer of the
objective function. This concludes the proof. 2

This theorem asserts that the discrepancy between (L∗, S∗)
and the (L, S) exists when the observation has additive noise;
nonetheless, the estimation error will be small if the noise
level is below a certain level. In this sense, we may regard the
local solution of Eq. (10) found by our algorithm as a global
solution with a small level of additive noise.

Corollary Let L∗ and L respectively be the global and local
solutions obtained from the optimization problem defined in
Eq. (10), where L = L∗ + E, with E being some errors. For a
small positive ε, there exists a positive δ such that if maxE is
bounded by δ, then we have that the discrepancy JL∗(L) < ε.

VI. EXPERIMENTS

In this section, we conduct extensive experiments to testify
the effectiveness of the proposed method. In particular, we
compare our method with seven state-of-the-art HSI denoising
methods, including the block-matching and four-dimensional
filtering algorithm (BM4D) [34], the convex approach to
RPCA [3], GoDec-based low-rank matrix recovery (LRMR)
[60], spatial-spectral total variation (SSTV) [5], noise-adjusted
iterative low-rank matrix approximation (NAILRMA) [22],
factorization-based nonconvex RPCA (U-FFP) [36], total vari-
ation regularized low-rank matrix factorization (LRTV) [24],
and local low-rank matrix recovery with global spatial-spectral
total variation (LLRGTV) [20]. We follow a strategy similar to
the literature [20], [22] and scale the gray value of each band
of HSIs to the interval [0,1] before denoising. After denoising,
we restore the recovered images to the original gray value
level, which facilitates numerical calculation and visualization.
In the experiments, we tune the parameters for each method
such that they are manually adjusted to the best according to
the default strategy.

A. Simulated HSI Data Experiments

In this test, we conduct experiments on simulated data sets
to quantitatively compare all methods in HSI denoising. In
particular, we use the ground truth image of the Indian pines
data set to generate the synthetic data, which has a size of
145×145×224. We treat the synthetic data set as the ground
truth (GT) of the simulated HSIs. Then, we use the GT of the
simulated HSIs to generate noisy HSIs, where we artificially
add noise to the GT under 6 conditions, resulting in 6 noisy
HSI data sets. We describe how we add noise to the GT to
obtain the noisy data sets as follows:
• Case 1: We add zero-mean Gaussian noise to each band

of the GT, where all bands are fixed to have the same
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TABLE I: Quantitative evaluation of different methods in different noise cases of Indian Pines dataset
Noise Metric BM4D LRMR NAILRMA U-FFP RPCA LRTV LRTDTV SSTV LLRGTV Ours

Case 1

MPSNR 37.985 37.032 37.234 35.722 32.279 39.316 40.569 32.857 40.497 42.809
MSSIM 0.970 0.946 0.944 0.917 0.880 0.986 0.989 0.853 0.976 0.993
ERGAS 30.490 33.902 32.872 39.174 58.783 26.722 23.958 57.775 22.860 17.417

IFC 3.024 3.263 3.272 3.040 2.837 3.928 3.983 2.397 3.956 4.519
MFSIM 0.961 0.945 0.943 0.919 0.892 0.975 0.987 0.855 0.976 0.988
TIME(s) 419.690 285.903 166.732 29.905 377.144 4012.530 129.790 187.315 56.515 47.145

Case 2

MPSNR 34.530 34.251 36.038 35.351 32.018 38.872 39.996 32.003 38.154 40.303
MSSIM 0.933 0.920 0.937 0.916 0.878 0.980 0.989 0.842 0.973 0.990
ERGAS 112.266 62.896 40.614 40.797 60.296 40.068 25.230 63.943 45.522 31.870

IFC 2.747 2.773 3.035 2.922 2.742 4.015 3.958 2.203 3.705 4.059
MFSIM 0.939 0.923 0.937 0.917 0.891 0.979 0.986 0.845 0.972 0.987
TIME(s) 451.008 306.074 255.121 71.151 598.355 4067.299 206.673 180.881 77.803 50.405

Case 3

MPSNR 34.608 33.825 34.101 32.599 29.710 37.491 38.037 30.431 37.707 39.184
MSSIM 0.927 0.902 0.899 0.855 0.810 0.980 0.983 0.774 0.959 0.981
ERGAS 51.032 49.898 48.082 56.191 78.723 33.362 31.923 74.370 31.978 27.355

IFC 2.397 2.568 2.584 2.346 2.262 3.291 3.395 1.934 3.228 3.568
MFSIM 0.920 0.906 0.902 0.864 0.835 0.959 0.976 0.788 0.959 0.973
TIME(s) 422.276 205.775 318.858 69.162 359.402 5084.611 255.418 107.334 52.979 62.724

Case 4

MPSNR 34.670 35.328 37.622 37.215 33.952 41.427 41.871 33.471 39.241 41.629
MSSIM 0.909 0.933 0.950 0.945 0.915 0.991 0.993 0.883 0.975 0.993
ERGAS 111.642 59.989 35.388 34.075 49.056 21.400 20.886 57.185 33.039 30.565

IFC 2.841 2.919 3.457 3.230 3.033 3.321 4.339 2.333 4.196 4.213
MFSIM 0.927 0.932 0.951 0.944 0.920 0.986 0.991 0.879 0.982 0.991
TIME(s) 196.357 335.090 1154.560 49.845 229.821 5059.931 123.279 97.501 48.323 49.070

Case 5

MPSNR 36.210 37.136 37.043 37.628 34.254 41.705 42.067 33.454 42.473 42.906
MSSIM 0.947 0.949 0.959 0.946 0.910 0.992 0.993 0.872 0.986 0.993
ERGAS 37.186 33.530 26.622 31.393 46.680 20.303 20.229 54.544 20.209 17.270

IFC 2.990 3.312 3.633 3.355 3.101 4.762 4.385 2.501 4.486 4.688
MFSIM 0.955 0.948 0.958 0.945 0.917 0.987 0.992 0.872 0.987 0.991
TIME(s) 443.200 716.812 308.669 108.128 242.252 5904.672 76.553 140.495 61.583 79.114

Case 6

MPSNR 32.617 30.804 31.362 30.073 27.376 34.306 35.514 27.998 35.322 35.750
MSSIM 0.912 0.846 0.845 0.771 0.730 0.970 0.967 0.678 0.931 0.959
ERGAS 56.346 69.820 69.820 75.114 102.106 47.091 41.817 96.043 41.748 39.311

IFC 2.049 2.138 2.178 2.083 1.919 3.133 2.960 1.636 2.805 3.070
MFSIM 0.897 0.858 0.854 0.796 0.771 0.957 0.959 0.711 0.931 0.949
TIME(s) 432.631 418.130 271.607 166.410 617.246 4566.523 104.672 98.084 84.442 52.652

Case 7

MPSNR 31.925 30.615 31.154 30.376 27.323 34.978 35.412 27.834 34.384 34.990
MSSIM 0.904 0.826 0.844 0.789 0.730 0.954 0.966 0.676 0.902 0.968
ERGAS 70.708 71.216 66.825 72.118 102.709 47.243 42.243 97.748 45.768 44.296

IFC 2.000 2.068 2.126 2.050 1.896 2.977 2.956 1.599 2.593 3.122
MFSIM 0.890 0.841 0.852 0.808 0.770 0.946 0.958 0.709 0.908 0.961
TIME(s) 441.050 489.880 634.421 125.129 727.888 3780.404 197.013 144.498 104.735 86.677

The top three performances are highlighted in red, blue, and green, respectively.

(a) Original (b) Noisy (c) BM4D (d) NAILRMA

(e) LRMR (f) RPCA (g) U-FFP (h) SSTV

(i) LLRGTV (j) SSTV (k) LRTDTV (l) Ours

Fig. 2: Restoration results on synthetic data set of Case 3. (a)
is the 206th band of GT; (b)-(k) are the restored results of the
206th band by different methods.

noise intensity. In this case, we set the noise variance to
be 0.1;

• Case 2: Based on Case 1, we further add some deadlines
to bands 81-120. In each of these bands, we randomly
add 3-10 deadlines, where each deadline has a random
width of 1-3 columns;

• Case 3: Similarly to Case 1, we add Gaussian noise to
the GT, except that the noise variance is set to 0.14 in
this case. Then we add some stripes in bands 161-190. In
each of these bands, we randomly select 20-40 columns
to add stripes. For each column, we randomly select a
value within [-0.25, 0.25] and add it to all pixels of this
column;

• Case 4: Based on Case 2, we further add some stripes in
bands 161-190 in the same way as in Case 3;

• Case 5: First, we randomly add zero-mean Gaussian noise
with an SNR value between 15 and 25 dB to each band
separately, where the average SNR value of the noise
in all bands is 20.43 dB. Then we add salt and pepper
impulse noise to the data set by randomly corrupting
20% pixels in each band. Finally, we randomly add
impulse noise with intensity between 0.0196 and 0.0784
to each band separately, where the average intensity of
the impulse noise in all bands is 0.0492;

• Case 6: First, we randomly add zero-mean Gaussian noise
with an SNR value between 45 and 55 dB to each band
separately, where the average SNR value of the noise in
all bands is 49.75 dB. Then we add impulse noise to the
data set in the same way as in Case 5.

• Case 7: In this case, all types of noises in cases 1-6 are
added to the GT. First, we add Gaussian and impulse
noise to the GT in the same way as case 6. Then, we
further add some deadlines to bands 71-80 in the same
way as in Case 2. Finally, we randomly select 10-20
columns in each of bands 161-175 to add stripes. For
each column of these stripes, we randomly select a value
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within [-0.25, 0.25] and add it to all pixels.
In the rest of this subsection, we will conduct extensive ex-
periments to test the proposed method both quantitatively and
qualitatively. The detailed comparison results and discussions
are presented in the following.

To quantitatively evaluate the proposed method, we adopt
three widely used evaluation metrics to compare all methods,
including the peak signal-to-noise ratio (PSNR) [28], structural
similarity (SSIM) [50], relative global scale (ERGAS) [46],
information fidelity criterion (IFC) [44], and feature similarity
(FSIM) [65]. Better performance is obtained with lower values
for ERGAS while higher values for the other four metrics,
respectively. Since metrics including PSNR, SSIM, and FSIM
are applied to every single band, we report the averaged
values over all bands, which are denoted as mean PSNR
(MPSNR), mean SSIM (MSSIM), and mean FSIM (MFSIM),
respectively. We apply all methods to the above generated
noisy data sets and report the detailed denoising performance
in Table I. It is seen that the proposed method and LRTDTV
are among the top-tier methods, where they obtain almost
all the top two denoising performances. In particular, the
proposed method achieves the top one and two performances
in 22 and 32 out of 35 cases, respectively, which shows
its superiority to other baseline methods. In other cases, the
proposed method is also quite competitive and obtains the top
third performances. Compared with LRTDTV, the proposed
method has significant improvements in MPSNR, ERGAS,
and IFC. For example, the proposed method improves the
performance by about 2 and 6 in MPSNR and ERGAS
in Cases 1, respectively. Compared with the other baseline
methods, the improvements of the proposed method are more
significant. For example, BM4D, LRMR, and NAILRMA are
among the second-tier methods. Compared with them, the
proposed method has improvements by about 5 in MPSNR
and 1 in IFC, respectively, in almost all cases. In ERGAS, the
proposed method improves the performance by at least 10 in
almost all cases, and the improvement can be even about 80
on Case 2 and Case 4. In MSSIM and MFSIM, the proposed
method improves the performance by about 0.05 in almost
all cases. Regarding time cost, the proposed method is quite
competitive, where it is among the fastest two methods in
most cases. Compared with LRTDTV that obtains the second
best denoising performance, it is observed that the proposed
method is generally several times faster, which confirms the
effectiveness as well as efficiency of the proposed method.
These observations suggest the effectiveness and superior
performance of the proposed method to the baseline methods
from a quantitative perspective.

To evaluate the proposed method from a qualitative perspec-
tive, we further show some visual results for detailed compari-
son. For all methods in comparison, without loss of generality,
we show the denoised 206th band of Case 3 in Fig. 2. It
is seen that among all methods, the NAILRMA, LRMR,
RPCA, U-FFP, SSTV, and LLRGTV fail to remove the mixed
types of noise. BM4D has relatively better performance with
the majority noise removed; however, it has over-smoothing
effects in the recovered image, where the edges between
smooth regions are blurred, and some adjacent smooth regions

Fig. 4: Spectrum of pixel (140, 90) in the restoration results
of synthetic data in Case 3.

are merged. LRTV and LRTDTV are among the top methods,
where it is seen that they eliminate the majority noise and
well captures the detailed information of regions. However,
the edge information is damaged in these images and shows
inferior performance compared with the proposed method.
Among all methods, the proposed method obtains the best
denoising performance, where it is seen that the restored image
contains smooth regions, clean edge structures, and eliminates
noise. These observations confirm the effectiveness of the
proposed method from a visual perspective.

In Table I, we have compared all methods with the averaged
performance over all bands in MPSNR, MSSIM, and ERGAS,
respectively. To better compare the methods in our experiment,
in this test, we further compare their performances on each
individual band. Without loss of generality, we show the
results of Case 3 in terms of PSNR and SSIM in Fig. 3,
respectively. It is noted that the proposed method achieves
the top performance in PSNR with significant improvements
in almost all bands. In SSIM, the proposed method is quite
competitive among all methods and has at least the top
second performance in almost all bands. This suggests that the
proposed method not only achieves promising performance on
the overall data set but also in each band, which is essentially
important in real-world applications.
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Fig. 3: Comparison of different methods in PSNR (on left) and SSIM (on right) on each band of Case 3, respectively.

To further assess the effectiveness of the proposed method,
in this test, we show some results of the spectral signatures in
the restored images. In particular, we show the spectral sig-
nature curves of the restored images in Case 3 at the location
of pixel (140, 90) across all bands. To better investigate the
quality of the restored images by each method, we show the
spectral signature curves of both the restored images and the
GT in Fig. 4. For the recovered images with high quality,
their spectral signature curves are expected to be very close
to the those of the GT. Among the baseline methods, the
LLRGTV, LRTV, and LRTDTV have the best performances,
where we observe that their curves are the closest ones
to the original curve. This confirms the relatively superior
performance of these methods among all baseline methods.
Compared with these methods, the proposed method has
even better performance. Specifically, the curve obtained by
LLRGTV is more zigzag than that by our method, especially in
bands 20-100, implying that the proposed method better retains
spectral consistency between nearby bands in the recovered
HSI. The curve obtained by LRTDTV does not has zigzag
effects, but it fits the original curve less closely compared
with the curve obtained by our method. LRTV has relatively
better performance than LRTDTV and LLRGTV, but inferior
performance to the proposed method, especially in the first
100 bands. For the other methods, the curves of the recovered
HSIs have significant differences from the original HSI, which
show obvious inferior performance to the proposed method.
These observations confirm the effectiveness and superior
performance of the proposed method.

B. Experiments on Real World HSI Data Sets

In this test, we conduct experiments on three real-world HSI
data sets, including the hyperspectral digital imagery collection
experiment (HYDICE) urban data set, the airborne visible
infrared imaging spectrometer (AVIRIS) Indian pines data set,
the EO-1 Hyperion Australia data set, and reflective optics
system imaging spectrometer (ROSIS) University of Pavia data
set. For a visual illustration, we show some examples of the
false-color HSI in Fig. 5. In the rest of this subsection, we
will present brief descriptions of the data sets and the detailed
experimental results, respectively.

1) HYDICE Urban Data Set: The HYDICE data set con-
tains 210 bands of images with a size of 307×307 pixels.

(a) HYDICE Urban data set (b) AVIRIS Indian Pines data set

Fig. 5: Examples of real-world data sets used in the experi-
ment: (a) HYDICE Urban data set (R: 6, G: 88, B: 210); (b)
AVIRIS Indian Pines (R: 60, G: 27, B: 17).

This data set is heavily corrupted with stripes, deadlines,
atmosphere, water absorption, and other unknown types of
noises. In our experiment, we test the methods using all bands
of the data set.

Since the real-world data sets lack clean bands, it is not
straightforward to evaluate the methods quantitatively. Thus,
all methods are evaluated from a visual quality perspective,
which suggests us to tune the parameters for the methods as
follows. For RPCA, we tune its parameter around the theoret-
ically optimal value to obtain the best visual performance. For
the other methods, we follow a common strategy and manually
tune their parameters such that the best visual performance is
observed for each method.

Without loss of generality, we show the results of the 108th
and 139th bands obtained by each method in Figs. 6 and 7,
respectively. Compared with other methods, BM4D and RPCA
have inferior performance on this data set, where it is observed
that both the 108th and 139th bands restored by BM4D and
RPCA have strong fringe noise effects. The restored images by
the NAILRMA, LRMR, U-FFP, and LRTDTV also have fringe
effects in both bands, but they are much lighter than those
restored by BM4D and RPCA. SSTV removes almost all noise
in band 108, but we can still observe fringe effects and some
detail information is missing in band 139. Among all methods,
LLRGTV, LRTV and our method are the only ones that well
remove the fringes from the HSIs. It is seen that LLRGTV
and LRTV generate clearly visible images and appear effective
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(a) Original (b) BM4D (c) NAILRMA (d) LRMR

(e) RPCA (f) U-FFP (g) SSTV (h) LLRGTV

(i) LRTV (j) LRTDTV (k) Ours

Fig. 6: Restoration results on HYDICE urban data set. (a) is
the original 108th band of HYDICE; (b)-(k) are the restored
results of the 108th band by different methods. The figure is
better viewed in a zoomed-in PDF.

(a) Original (b) BM4D (c) NAILRMA (d) LRMR

(e) RPCA (f) U-FFP (g) SSTV (h) LLRGTV

(i) LRTV (j) LRTDTV (k) Ours

Fig. 7: Restoration results on HYDICE urban data set. (a) is
the original 139th band of HYDICE; (b)-(k) are the restored
results of the 139th band by different methods. The figure is
better viewed in a zoomed-in PDF.

in removing noise. Unfortunately, both LLRGTV and LRTV
fail to retain rich detail information from the noisy HSIs
as our method does. For example, in the amplified regions,
it is seen that the region is over-smoothed and structural
detail information is missing. Moreover, the images generated
by LRTV appears darker than the other images as well as
the original one. In summary, on the HYDICE data set, the
proposed method removes the noise and well retains local

(a) Original (b) BM4D (c) NAILRMA (d) LRMR

(e) RPCA (f) U-FFP (g) SSTV (h) LLRGTV

(i) LRTV (j) LRTDTV (k) Ours

Fig. 8: Restoration results on AVIRIS Indian Pines data set.
(a) is the original 11th band of AVIRIS; (b)-(i) are the restored
results of the 11th band by different methods. The figure is
better viewed in a zoomed-in PDF.

(a) Original (b) BM4D (c) NAILRMA (d) LRMR

(e) RPCA (f) U-FFP (g) SSTV (h) LLRGTV

(i) LRTV (j) LRTDTV (k) Ours

Fig. 9: Restoration results on AVIRIS Indian Pines data set. (a)
is the original 150th band of AVIRIS; (b)-(i) are the restored
results of the 150th band by different methods. The figure is
better viewed in a zoomed-in PDF.

details while the baseline methods fail, suggesting superior
performance and effectiveness of the proposed method in HSI
denoising.

2) AVIRIS Indian Pines Data Set: The AVIRIS Indian pines
data set consists of 220 bands of images with a size of
145×145 pixels. In this data set, some bands are severely
damaged by mixed Gaussian and impulse noise, which makes
it challenging to remove noise from this data set. Among all
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(a) Original (b) BM4D (c) NAILRMA (d) LRMR

(e) RPCA (f) U-FFP (g) SSTV (h) LLRGTV

(i) LRTV (j) LRTDTV (k) Ours

Fig. 10: Restoration results on Hyperion data set. (a) is the
original 47th band of Hyperion; (b)-(k) are the restored results
of the 47th band by different methods. The figure is better
viewed in a zoomed-in PDF.

(a) Original (b) BM4D (c) NAILRMA (d) LRMR

(e) RPCA (f) U-FFP (g) SSTV (h) LLRGTV

(i) LRTV (j) LRTDTV (k) Ours

Fig. 11: Restoration results on Hyperion data set. (a) is the
original 89th band of Hyperion; (b)-(k) are the restored results
of the 89th band by different methods. The figure is better
viewed in a zoomed-in PDF.

the bands, we select two typical ones, including bands 11 and
150, to show the denoising performance of all methods. The
restored images of these two bands are shown in Figs. 8 and 9,
respectively. All parameters are tuned in a way that follows
Section VI-B1 on this data set.

In Fig. 8, it is seen that the original band contains light
noise. In the amplified area, it is seen that the proposed method
removes the noise and the edge is clearly observed. In contrast,

in the bands restored by U-FFP, SSTV, LLRGTV, LRTV, and
LRTDTV, the edges are difficult to observe. In the bands
restored by BM4D and LRMR, although the edge information
is not missing, we can still observe noise effects in the dark
zone. Among all the baseline methods, the NAILRMA and
RPCA have relatively the best performances. However, we
can still observe light noise effects in the dark zone and the
edges are not as clear as in that restored by our method. In
Fig. 9, it is seen that the original band contains heavy noise.
It is observed BM4D, RPCA, and SSTV fail to remove noise
from band 150 where we can still observe heavy noise effects
in the restored bands. Among all the other methods, as is
observed in the amplified area, the proposed method is the best
in retaining the rich edge information. Although methods such
as LRTV and LRTDTV have better performance in retaining
edge information in band 150 than band 11, the edges in the
restored bands are blurred and the smoothness of smooth zones
can be further improved. These observations show that the
proposed method has the best performances and is the only
one that obtains satisfactory results in both bands 11 and 150,
which suggests it effectiveness on this data set.

3) EO-1 Hyperion Australia Data Set: The Hyperion Aus-
tralia image was captured on December 4, 2010, with original
size of 3858×256×242. We follow the strategy in the litera-
ture and remove the overlapping bands between visual near-
infrared and shortwave infrared ranges. As a result, we use a
subregion of size 200×200×150 in our experiment. Among
all the bands, we select two typical ones, including bands 47
and 89, to show the denoising performance of all methods.
The restored images of these two bands are shown in Figs. 10
and 11, respectively. All parameters are tuned in a way that
follows Section VI-B1 on this data set. In Fig. 10, it is seen that
images obtained by BM4D and SSTV still have some noise
effects, while those obtained by NAILRMA, LRMR, RPCA,
and LLRGTV have strong block or over smoothing effects.
Among all baseline methods, it is seen that LRTV, U-FFP, and
LRTDTV have relatively better performance. In the amplified
region, it is seen that LRTV loses the detail information
whereas the proposed method recovers the detail information
better than U-FFP and LRTDTV. For example, the proposed
method recovers the detail information with clearer edges than
U-FFP and LRTDTV. In Fig. 11, it is seen that BM4D, SSTV,
and LRTDTV still have noise effects in the recovered images
while LRMR and RPCA have block effects. In the images
recovered by NAILRMA, LLRGTV, and LRTV, the detail
information is less clean than that recovered by the proposed
method. The U-FFP has relatively the best performance among
all baseline methods, but it has relatively more noise than
the proposed method in the smooth regions of the recovered
image. These observations confirm the effectiveness of the
proposed method on this data set.

4) ROSIS University of Pavia Data Set: This data set
contains 103 spectral bands of 610×340 spatial pixels. We
follow the literature and use a subset of the data with size
of 300×300×103 in the experiment. Among all the bands,
we report the visual results on bands 2 and 4 in Figs. 12
and 13 to compare the denoising performance of all methods.
All parameters are tuned in a way that follows Section VI-B1
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(a) Original (b) BM4D (c) NAILRMA (d) LRMR

(e) RPCA (f) U-FFP (g) SSTV (h) LLRGTV

(i) LRTV (j) LRTDTV (k) Ours

Fig. 12: Restoration results on Pavia University data set. (a)
is the original 2nd band of Hyperion; (b)-(k) are the restored
results of the 2nd band by different methods. The figure is
better viewed in a zoomed-in PDF.

(a) Original (b) BM4D (c) NAILRMA (d) LRMR

(e) RPCA (f) U-FFP (g) SSTV (h) LLRGTV

(i) LRTV (j) LRTDTV (k) Ours

Fig. 13: Restoration results on Pavia University data set. (a)
is the original 4th band of Hyperion; (b)-(k) are the restored
results of the 4th band by different methods. The figure is
better viewed in a zoomed-in PDF.

(a) HYDICE urban data set

Fig. 14: Spectrum of pixel (40,90) in the restoration results of
HYDICE data set, respectively.

on this data set.
In Fig. 12, it is seen that the images obtained by NAILRMA,

RPCA, LLRGTV, LRTV, and LRTDTV have significantly
brighter effects. This implies that the corresponding methods
not only remove noise but also overly change the intensity
values of the underlying clean bands, which brings significant
errors in the restored images. For this observation, we have
more discussions in the next subsection. Despite the overly
changed intensity values, we can still observe noise effects
in some bands, such as the one recovered by the LRTDTV.
Meanwhile, the other methods do not have such an obvious
issue in overly changing the intensity value of original HSIs.
In the bands recovered by BM4D, LRMR, and U-FFP, we
can still observe some noise effects. The bands recovered
by SSTV and our method have relatively better performance
among all methods. Compared with the SSTV, the proposed
method generates the recovered band with clearer edge and
structural information. Similar observations can be found in
Fig. 12. These observations suggest the effectiveness of the
proposed method in HSI denoising.

5) Spectral Signatures and Mean DN Profiles: To further
assess the effectiveness of the proposed method on real-world
data sets, we show the comparison results of the spectral
signatures of all methods. Without loss of generality, we show
the results on HYDICE data set. In particular, we show the
curves of the original and the restored images at location
of pixel (40,90) across all bands in Fig. 14. It is observed
that there are several sudden changes, i.e., the peaks and
valleys, on the curve of original data, which correspond to
the stripes and deadlines or other types of outliers. It is
expected that the such outliers are significantly removed on the
spectral signature curves of the restored images. It is seen that
the proposed method has the best performance in removing
such outliers among all methods. Moreover, although methods
such as LRTDTV, LRTV, and LLRGTV have relatively better
denoising performance among the baseline methods as shown
in Figs. 6 and 7, the spectral signature curves of these methods
significantly deviate from the curve of original data, which
implies that these methods not only remove noise from the
bands but also overly change the intensity values of the
underlying clean bands and thus brings significant errors in the
restored images. These observations suggest that the proposed
method has better performance in removing noise and recover
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Fig. 15: Horizontal mean DN profiles of band 152 in Urban
data set obtained by different methods.

Fig. 16: Vertical mean DN profiles of band 152 in Urban data
set obtained by different methods.

the true intensity values of the HSIs.
For a more detailed comparison, we show the horizontal and

vertical mean profiles of the restored images of band 152 in
HYDICE Urban data set in Figs. 15 and 15, where horizontal
and vertical axes represent the row and column numbers and
the corresponding mean DN values, respectively. It is seen that
the LRTV significantly changes the intensity value of the HSI.
Among the other methods, BM4D, LRMR, RPCA, U-FFP,
SSTV, and LRTDTV do not remove the stripes from horizontal
direction. Among all the baseline methods, the NAILRMA and
LLRGTV have the most competitive performance. However,
as can be seen in the highlighted parts in Figs. 15 and 16, they
have over smooth effects from the horizontal direction and
change the intensity values slightly more than the proposed
method. In summary, the experimental results on these real-
world data sets confirm the effectiveness of the proposed
method and its superiority to baseline methods.

Fig. 17: The performance of the proposed method changes
with respect to the parameter values in MPSNR, MSSIM and
ERGAS, respectively.

C. Parameter Sensitivity

In the above tests, we have confirmed the effectiveness of
the proposed method in HSI denoising. In this test, we further
show how the parameters affect the denoising performance
of the proposed method. For a quantitative illustration and
without loss of generality, we use the synthetic data in Case
3. In particular, we report the performance of the proposed
method in three metrics with respect to different combinations

Fig. 18: The convergence curves (on top) and the relative
difference (on bottom) of consecutive updates generated by
the proposed method on synthetic data in Case 3.

Fig. 19: The convergence curves (on top) and the relative
difference (on bottom) of consecutive updates generated by
the proposed method on Indian Pines data set.

of λ and γ in Fig. 17. It is seen that the proposed method
achieves relatively good performance when λ is nearby 1
and γ is small. For such λ and γ values, it is seen that
the proposed method achieves good performance with a wide
range of combinations of parameters. Similar observations can
be found in other cases. Such behavior is indeed important for
unsupervised learning method to be potentially applied in real-
world applications. These observations suggest we adopt such
values in real-world applications.

D. Convergence Study

For the comprehensive optimization strategy, it is generally
not straightforward to provide theoretical results on the conver-
gence. Thus, in this test, we empirically testify the convergence
of the proposed method. Without loss of generality, we first
conduct experiments using the synthetic data Case 3, where
the parameters are set to be λ = 1.3 and γ = 0.0022. For
other values, generally we can observe similar patterns.

First, we show the convergence behavior of the proposed
method in variable sequence by showing three different errors
that measure how the constraints are met. Without loss of
generality, we show how the updates of variables gradually
satisfy the constraints by plotting the sequences of errors,
including

{∥∥O(t)−L(t)−S(t)
∥∥
F

}∞
t=1

,
{∥∥L(t)−A(t)

∥∥
F

}∞
t=1

,
and

{∥∥A(t) − B(t)
∥∥
F

}∞
t=1

in Fig. 18, respectively. It is seen
that the sequences of errors converge within a few numbers
of iterations, indicating that the variable sequences gradu-
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ally meet the constraints and converge. Moreover, to better
show the convergence behavior, we also plot the sequences{
‖O(t+1)−L(t+1)−S(t+1)‖F
‖O(t)−L(t)−S(t)‖F

}∞
t=1

,
{
‖L(t+1)−A(t+1)‖F
‖L(t)−A(t)‖F

}∞
t=1

, and{
‖A(t+1)−B(t+1)‖F
‖A(t)−B(t)‖F

}∞
t=1

in Fig. 18, respectively, which show
the relative changes between consecutive elements of se-
quences of errors. It is seen that the relative changes are
smaller than 1 after the first a few iterations. To further show
such behaviors on real-world data sets, we show some curves
on the Indian Pines data set in Fig. 19, where we set λ = 1
and γ = 0.0001. It is seen that similar pattern to the synthetic
data set is observed on real-world data set, which indicates
that the sequences of errors indeed converge with at least a
linear convergence rate, which is satisfactory and suggested
efficiency in real-world applications.

Fig. 20: The quality of denoised HSI in MPSNR, MSSIM, and
ERGAS, respectively at different iterations in Case 3.

Then, we show the denoising performance of the interme-
diate variable generated by the proposed method with respect
to the iteration numbers in a way similar to [10]. In particular,
we plot the MPSNR, MSSIM, and ERGAS values with respect
to the iteration numbers in Fig. 20. It is seen that with the
iteration number increases, the recovered HSI has gradually
improved quality in all metrics until convergence. This implies
that the optimization pushes the variable sequence to converge
to the optimal solution. Moreover, the metric values converge
within about 20 iterations, which implies that the proposed
method generates the desired solution efficiently.

E. Ablation Study

To better show the significance and effectiveness of the log-
based nonconvex RPCA approach as well as the exploration
of spatial-spectral information in HSI denoising, we further
conduct some experiments for clear illustration. In particular,
we conduct experiments using the synthetic data generated
in Section VI-A for a quantitative illustration. We divide the
proposed model into two parts, including the nonconvex RPCA
and SSTV parts, which correspond to the first and second
terms of Eq. (10), respectively.

First, we conduct experiments to show the significance of
exploiting spatial-spectral information of HSI images in our
model. For this purpose, we compare the performance of our
model under two conditions, i.e., with γ > 0 or γ = 0, and
show the results in Fig. 21. It is seen that when γ = 0,
our model falls back to Eq. (9), where the SSTV term is
not adopted. For the two approaches, we report their highest
performance by tuning balancing parameters. It is seen that the
proposed model with integrated SSTV term has significantly
improved denoising performance than the pure nonconvex
RPCA model of Eq. (9). The only difference between the two

models lies in the usage of the SSTV norm and thus it is
natural to believe that such difference leads to the difference
of denoising performance. These observations confirm the
significance and effectiveness of exploiting spatial-spectral
information by integrating an SSTV term in our model.

Fig. 21: Illustration of the effectiveness of exploiting spatial-
spectral information for HSI denoising.

Fig. 22: Illustration of the effectiveness of adopting nonconvex
RPCA approach for HSI denoising.

Fig. 23: Illustration of the effectiveness of adopting `2,log norm
for HSI denoising.

Then, we conduct experiments to show the significance of
the nonconvex RPCA part in our model. For this purpose, we
compare our model with “RPCA+SSTV”, which refers to the
model of convex RPCA with an integrated SSTV term. We
show the comparison results of the two approaches in Fig. 22.
It is seen that our method has significantly improved per-
formance compared with the RPCA+SSTV approach, which
suggests the effectiveness of using nonconvex approach in HSI
denoising application.

Finally, since the `2,log is the key contribution of our
work, we further conduct experiments to show the significance
of the proposed `2,log term in HSI denoising. In particular,
we compare our model with two models that replace the
`2,log norm with the `1 and `1 norms, which are denoted as
“logdet+`1+SSTV” and “logdet+`2,1+SSTV”, respectively. We
show the comparison results of the three models in Fig. 23. It is
seen that our method has significantly improved performance
compared with the `1 and `2,1 norm-based approach in all
metrics, which suggests the effectiveness of using the proposed
`2,log term. Thus, it is convincing to claim the effectiveness
of the proposed method in HSI denoising.

VII. CONCLUSION

In this paper, we propose a novel method for HSI denoising,
named L3S3TV. Unlike existing low-rank models that only
focus on developing more accurate rank approximation for
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low-rank component recovery, we propose to simultaneously
adopt nonconvex approximations to both the rank and the
column-wise sparsity for more accurate separation of the low-
rank and sparse components. In particular, we propose log-
based column-wisely sparse approximation, named the `2,log

norm, which is more accurate than the widely used convex
approach, i.e., `2,1 norm. For its associated shrinkage prob-
lem, we developed an efficient optimization strategy which
is formally presented in a theorem. The `2,log norm can be
generally used in various problems that restrict column-wise
sparsity. Moreover, we impose the SSTV regularization in
the log-based nonconvex RPCA model, which enhances the
global piece-wise smoothness and spectral consistency from
the spatial and spectral views in the recovered HSI. Extensive
experiments on both simulated and real HSIs demonstrate the
effectiveness of the proposed method in denoising HSIs.
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