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a b s t r a c t

We introduce a new classifier for small-sample image data based on a two-dimensional discriminative
regression approach. For a test example, our method estimates a discriminative representation from
training examples, which accounts for discriminativeness between classes and enables accurate
derivation of categorical information. Unlike existing methods that vectored image data, the learning
of the representation in our method is performed with the two-dimensional features of the data, and
thus inherent spatial information of the data is fully exploited. This new type of two-dimensional
discriminative regression, different from existing regression models, allows for building a highly ef-
fective and robust classifier for image data through explicitly incorporating discriminative information
and inherent spatial information. We compare our method with several state-of-the-art classifiers of
small-sample images and experimental results show superior performance of the proposed method in
classification accuracy as well as robustness to noise corruption.

© 2021 Elsevier B.V. All rights reserved.
1. Introduction

Image classification is one of the fundamental yet the most
hallenging tasks in the field of computer vision and machine
earning [1–3]. Classic methods usually have high accuracies with
arge-sample data; however, they often have difficulty in ob-
aining good performance due to the issues such as over-fitting
hen the dimension of data becomes high yet the sample size is
mall [4,5]. As small-sample image data are often used in every-
ay life and research, there is a pending need of developing ef-
ective classification methods that are suitable for small-sampled
mage data.

Deep neural network (DNN) has made significant successes
nd become widely used, among which deep convolutional neural
etwork (CNN) [6,7] has achieved state-of-the-art performance
or many large-scale image classification tasks. Despite its cele-
rated successes, there are still several constraints for CNN: First,
large number of labeled examples are typically required to train
CNN; however, such data might not be available in certain

pplications due to the high cost or involved labor for labeling,
r the rareness of certain kind of examples. Second, CNNs usually
eed to train a huge amount of parameters, which might be
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time consuming. Third, for CNNs, as well as other types of DNNs,
there is still no comprehensive theoretical understanding about
learning with DNNs such as the generalization ability, and thus
they are often criticized for being used as a ‘‘black box’’ [8]. Due
to such constraints, there is a need to develop a new classification
method that can more effectively handle data sets with small-
sample sizes, which will be the focus of our approach in this
paper.

Image data are usually regarded as high-dimensional data with
pixels treated as features. In the recent decade, it has become
common for using many supervised learning techniques to deal
with data with increasingly high dimensions. For such data, the
principal component analysis (PCA) [9] is often applied for di-
mension reduction, which extracts much fewer features from the
data with significant statistical meanings. While PCA and its vari-
ants [10–13] have been widely used in various applications, it is
well known that they do not take account of the label information
from the data. The classic linear discriminant analysis (LDA) [14]
employs the label information and recovers a projection matrix;
however, for high-dimensional data with a small sample sizes,
LDA may suffer from rank deficiency issue. For a given test ex-
ample, K -nearest neighbor (KNN) [15] method seeks its K closest
neighbors to supply categorical information, where the distance
between two examples can be measured with different metrics.

https://doi.org/10.1016/j.knosys.2021.107517
http://www.elsevier.com/locate/knosys
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owever, the reliance of KNN on distance renders it suscepti-
le to the curse of dimensionality in high-dimensional applica-
ions [16]. To cope with the rapid growing of data dimensionality,
anifold has been widely exploited due to the fact that high-
imensional data often reside on low-dimensional manifolds [17].
owever, due to the lack of formal formulas of defining the mani-
old, a commonly used way for exploiting manifold is to formulate
t as a learning task of projecting the high-dimensional data
nto a low-dimensional space while preserving certain structural
nformation. There has been great interest in exploiting various
tructural information, such as sparsity. By feeding sparse repre-
entation into a sparse representation-based classifier (SRC) [18]
r its variants such as random hashing [19], Gabor frame-based
parse representation [20], etc, both accuracy and robustness can
e improved. Sparse representation can be obtained by various
parse recovery algorithms, such as l1 minimization [21], greedy
ursuits [22], etc. However, when seeking the sparse representa-
ion, class information of the data is not taken into account. Sup-
ort vector machine (SVM) [23] constructs a maximum-margin
yperplane between two classes by minimizing a hinge loss with
ither l1 or l2 penalty. As one of the most widely used clas-

sification methods, SVM is well studied with solid theoretical
foundation. The original SVM is only suitable for binary classifi-
cation and extension to multi-class case has been developed [24,
25].

It is noted that all existing methods usually need to convert
image data, i.e., 2D data, to vectorial data before any further
learning process. Unfortunately, this conversion severely dam-
ages the spatial information of the 2D data that is essential in
revealing their inherent structures [26]. Apart from vectorizing
2D data, tensor-based approaches have been attempted to use
spatial information of 2D data in various applications, such as
subspace clustering [27–29], robust PCA [30–32], robust tensor
recovery [33], etc. While tensor approaches may have a better
capability of exploiting spatial structures of the data [34,35],
they appear to still have some limitations: Tensor approaches
usually need some operations, such as flattening and folding, to
convert tensor operations to matrix ones, which, more or less,
has issues similar to those of vectorization and thus might be
unable to fully exploit the true 2D spatial information of the data;
tensor decompositions that serve as fundamental tools for tensor
methods usually are afflicted with some issues. For instance, for
candecomp/parafac (CP) decomposition based methods, it is gen-
erally NP-hard to compute the CP rank [36,37], usually leading to
solutions far from the (unknown) best one; Tucker decomposition
is not unique [37]; the application of a core and a high-order ten-
sor product would incur information loss of spatial details [38].
To avoid these issues and inspired by 2-dimensional PCA [10], in
this paper we propose to exploit spatial information of the image
data with projected 2D features.

Specifically, we develop a classifier based on a discrimina-
tive regression approach. The new model is developed from
the classic least squares regression (LSR), which assumes that
a testing example can be linearly approximated by a number
of training examples. Thus, the LSR estimates a combining co-
efficient vector by minimizing the fitting error without using
label information. To fully exploit label information provided for
the examples, we propose to integrate such information in the
learning of coefficients in the following way. Given labeled ex-
amples, it estimates a representation vector for a new unlabeled
example with respect to the labeled data, where the discrimi-
native information between classes, i.e., minimizing within-class
dis-similarity, is explicitly incorporated in minimizing the fitting
error. By doing so, the estimated representation of the new exam-
ple preserves categorical information from the labeled data and

thus is discriminative. Moreover, to combat the issue of losing

2

spatial information with the vectoring effects, we propose to
retain such information without data vectorization. Specifically,
when computing the representation vector, we directly use the
2D features of the data, such that inherent spatial information of
the data is maximumly retained to promote the expressiveness
of the representation.

We summarize the key contributions of our paper as follows:

• We propose a new approach to small-sample image clas-
sification by explicitly incorporating the label information
from the data into the learning of representations for new
examples for multi-class image classification. The learned
representation contains discriminative information and thus
is more suitable for classification.

• Unlike existing methods that usually convert images to vec-
torial data, we propose to compute a projection matrix
that directly projects 2D images such that inherent spa-
tial information of the image data is retained for learn-
ing. The learned projection matrix ensures that the most
variational 2D features are preserved. Consequently, the
proposed model is robust to noise and corruptions.

• We develop an efficient algorithm to solve the optimization
of our new method, which is guaranteed to converge in
objective function value. At each iteration, the sub-problems
admits closed-form solutions.

The rest of this paper is organized as follows. In Section 2
we briefly review some related methods. Then we present our
method and its optimization in Sections 3 and 4, respectively.
Then we present how to perform classification with the learned
discriminative representation in Section 5. We conduct experi-
ments in Section 6 to testify the proposed method. Finally, we
conclude the paper and raise some possible directions for future
work in Section 7.

2. Related work

For high dimensional data, a way to effectively mitigate the
curse of dimensionality is to map such data to a low-dimensional
space, where the structural information of the manifold is pre-
served. A typical method is the locally linear embedding (LLE)
[17], where each data point is approximated with a linear combi-
nation of all its nearest neighbors. The resulting coefficient for
each data point is used to map the data to a low-dimensional
space, where the mapped points follow the same linear relation-
ships as in the original space. With the nearest neighbors in a
high-dimensional space, LLE may suffer from problems such as
corrupted distances with heavy noise from irrelevant variables.

Instead of finding the nearest neighbors, the least squares re-
gression (LS) considers a linear combination of training examples
to approximate the test example. However, the LS is known to be
sensitive to outliers and noisy examples may lead to over-fitting
issue. The classic ridge regression adds an l2 norm regularization
to the squared l2 norm of the fitting residual to strengthen the
robustness of the LS to outliers, while the lasso estimates a sparse
coefficient by adding a sparse regularizer. These models can be
efficiently solved by, for example, iteratively reweighed least
squares (IRLS) [39,40] and smooth surrogate function based tech-
niques [41,42]. It is noted that none of the LS, ridge regression,
and lasso models uses categorical information in estimating the
combining coefficients.

It has also been widely considered to seek linear combina-
tion to represent examples for unsupervised learning problems,
such as subspace clustering. Different from the above techniques,
subspace clustering methods seek the low-dimensional mapping
of the examples with respect to themselves, which is known
as the self-expressive property of the data [26,43–45]. Since all
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xamples are used to build the representation, such methods are
sually considered to adopt global neighboring information of the
ata. With special structural constraints, the learned representa-
ion matrix well reveals the group structures of the data.

Traditional machine learning methods is often hampered
hen the data set is small [46]. Few-shot Learning (FSL) has
een widely studied in recent years to tackle this issue [47–
0]. Basically, FSL can rapidly generalize to new tasks containing
nly a few labeled samples with prior knowledge [46]. FSL is
losely related with several machine learning problems, such as
eakly supervised learning (WSL) [51], imbalanced learning [52],
ransfer learning [53], and meta learning [54]. Meanwhile, FSL
as some stark differences with such methods. For example, FSL
s closely related with WSL since both of them involves exam-
les with incomplete supervision. While the WSL includes only
lassification and regression, the FSL also includes reinforcement
earning problems. Moreover, WSL mainly uses unlabeled data
s additional information, whereas FSL may use more types of
dditional information, such as pre-trained models, supervised
ata from other domains or modalities, as well as unlabeled
ata [46]. It is seen that FSL is starkly different from our method,
here the latter contains complete supervision information in the
raining examples.

. Problem statement and proposed method

We denote the training data set by {xi, yi}ni=1, with each ex-
mple xi ∈ Ra×b being a matrix and class label yi ∈ {1, . . . , g}.
upposing the jth class Cj has nj examples, we may also denote
hese training examples in Cj by xj = {xji}

nj
i=1. Clearly,

∑g
j=1 nj = n.

ithout loss of generality, we assume that the examples are
orted in a group-wise manner. That is, for an example xkj , it is
lso represented as xm by defining m =

∑k−1
i=1 ni + j, with k =

, . . . , g and j = 1, . . . , nk. Thus, it is seen that m ∈ {1, 2, . . . , n}
nd the notations between xkj and xm uniquely correspond to each
ther. It is noted that the notation of xm is simply for ease of
otation and is always easy to obtain by sorting the examples
ccording to their labels. We also use xi, x

j
i, and xj to represent the

ectorized data xi, x
j
i, and xj, respectively. Given a test example

0 ∈ Ra×b, the target is to decide which class x0 belongs to.
Suppose that x0 ∈ Cj, then often times it is approximated by

a linear combination of xji, with i = 1, . . . , nj in the instance
space [55,56]. Without knowing the class information for x0, a
reasonable model is to fit x0 with all available training examples:

x0 ≈ w1x1 + w2x2 + · · · + wnxn =

n∑
i=1

wixi, (1)

where w = [w1, w2, . . . , wn]
T

∈ Rn is a vector of unknown com-
bining coefficients to be estimated. Keeping the group structure of
the training data, we may re-index w = [(w1)T , . . . , (wg )T ]T with
wj

∈ Rnj , such that wj corresponds to xj. The weighting vector
w can be regarded as a representation of x0 with respect to all
training examples. Typical ways to estimate w are classic ridge
regression or lasso, which use an optimization model of

ŵ = argminw∈Rn∥x0 −

n∑
i=1

wixi∥2
2 + β∥w∥

q
q, (2)

where ∥ · ∥2 is the ℓ2 norm, β > 0 is a balancing parameter
and q = 2 or 1 represents ridge regression or lasso, respectively.
While this model has been widely employed, a potential limita-
tion in facing with 2D data is that all examples are vectorized
and thus inherent 2D structural information of the data may get
lost, which is likely to severely damage the data and degrade the
learning performance.
3

To render the model to be more geared toward 2D data, we
propose to directly utilize 2D spatial information of the data
in a projected feature space, where the most variational and
representative information is preserved in the learning process:

min
w,P

∥x0P −

n∑
i=1

xiPwi∥
2
F + γ

n∑
i=0

∥xi − xiPPT
∥
2
F

+ β∥w∥
q
q, s.t. PTP = Ir ,

(3)

where ∥·∥F is the Frobenius norm, γ ≥ 0 is a balancing parameter,
P is a projection matrix of size b×r , and Ir is an identity matrix of
size r × r . It is seen that the embedding of the projection matrix
P enables that the learning of w is performed in the projected
2D feature space preserving the most representative information.
The coefficients in w and the projection matrix are jointly learned
and thus they mutually promote the overall representation ca-
pability. Moreover, since the most expressive information of the
features is used, the model is expected to be robust to noise with
the Frobenius-norm based residual fitting term, which facilitates
the optimization.

While (3) has a potentially enhanced capability of capturing
2D information, it is still likely to have a similar limitation to
the vector-based model (2) in terms of classification. That is, the
discriminative information about the classes is not taken into
account in the formulation. To render the model to be more suited
to classification, we propose to incorporate the class discrimi-
nativeness into (3) such that w possesses the desired property
of maximal between-class separability or maximal within-class
similarity [57,58] for combining coefficients of examples.

More specifically, to incorporate maximal within-class simi-
larity into the objective function, we propose to minimize the
within-class dis-similarity induced by w and defined as

Sw(w, P) :=
1
2
Tr(

nj∑
i=1

g∑
j=1

(wj
ix

j
iP − µj)(wj

ix
j
iP − µj)T ), (4)

here Tr(·) is the trace operator and µj
:=

1
nj

∑nj
i=1w

j
ix

j
iP are

the weighted class mean values of the projected examples. It is
noted that Sw(w, P) above is defined in a way starkly different
from the classic LDA formulation of the scattering matrix. The LDA
seeks a unit vector, i.e., a projection direction, to linearly project
the features of the data; whereas we formulate the within-class
dis-similarity with the instance-wise weight vector w which is
a combining coefficients to combine all training examples that
are projected into a subspace by P . Consequently, the projection
direction in the classic LDA is sought in the feature space, while
the weight vector of w is defined in the n-dimensional projected
instance space by P .

To fully utilize the label information and enhance the discrimi-
nativeness of the 2D model (3), we incorporate the discriminative
information of Sw into the objective function and formulate the
following model:

min
w,P

∥x0P −

n∑
i=1

xiPwi∥
2
F + γ

n∑
i=0

∥xi − xiPPT
∥
2
F

+λSw(w, P) + β∥w∥
q
q, s.t. PTP = Ir ,

(5)

where λ ≥ 0 is a nonnegative balancing factor. In this paper,
without loss of generality, we will focus on a special case of
∥w∥

q
q = ∥w∥

2
2 for the sake of deriving an efficient optimiza-

tion algorithm; nonetheless, it is noted that the discriminative
regression-based classification is constructed for general ∥w∥

q
q.

Since the main scope of this paper focuses on the learning of
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lassification Accuracy of SVM, KNN, NB, and L2-TDDR on Image Data.
Data set SVM(R) SVM(P) KNN(E) RFS(100) FSAE(100) KNN(C) C4.5 NB VGG InterBoost Ours

AR 0.5760 0.3712 0.6760 0.5504 0.7312 0.6760 0.1872 0.5032 0.4584 0.3563 0.9680
±0.0391 ±0.0255 ±0.0133 ±0.0447 ±0.0237 ±0.0133 ±0.0134 ±0.0381 ±0.0439 ±0.0129 ±0.0040

EYaleB 0.8901 0.2053 0.8576 0.8505 0.8642 0.8576 – – 0.6712 0.5221 0.9921
±0.0136 ±0.0332 ±0.0121 ±0.0137 ±0.0133 ±0.0121 – – ±0.0400 ±0.0175 ±0.0077

Jaffe 0.9900 0.1000 0.9900 0.9900 0.9900 0.9900 0.8450 – 0.1000 0.1000 1.0000
±0.0137 ±0.0000 ±0.0137 ±0.0137 ±0.0137 ±0.0137 ±0.0758 – ±0.0000 ±0.0000 ±0.0000

Yale 0.6600 0.6533 0.6400 0.4933 0.6533 0.6400 0.4333 0.6600 0.6200 0.6200 0.8400
±0.1038 ±0.0989 ±0.1321 ±0.0548 ±0.0606 ±0.1321 ±0.1054 ±0.0723 ±0.0618 ±0.0441 ±0.0596

PIX 0.9400 0.9100 0.9700 0.7100 1.0000 0.9700 0.8800 0.8700 0.2200 0.9000 1.0000
±0.0548 ±0.0224 ±0.0274 ±0.1084 ±0.0000 ±0.0274 ±0.1151 ±0.0570 ±0.1450 ±0.0596 ±0.0000

ORL 0.8125 0.8175 0.9150 0.8050 0.8850 0.9150 0.3275 0.8575 0.7275 0.6108 0.9825
±0.0619 ±0.0314 ±0.0324 ±0.0381 ±0.0137 ±0.0324 ±0.0890 ±0.0259 ±0.0229 ±0.0445 ±0.0168

PIE 0.8680 0.5340 0.8460 0.7760 0.8580 0.8460 0.5840 0.7460 0.8080 0.8407 0.9820
±0.0239 ±0.0817 ±0.0378 ±0.0305 ±0.0349 ±0.0378 ±0.0297 ±0.0351 ±0.0496 ±0.0226 ±0.0084

Face95 0.7950 0.7950 0.8550 0.7550 0.8500 0.8550 0.7000 0.8550 0.9550 0.9383 0.8900
±0.0209 ±0.0209 ±0.0326 ±0.0647 ±0.0306 ±0.0326 ±0.0707 ±0.0371 ±0.0187 ±0.0256 ±0.0379

For each data set, the best accuracy rate is boldfaced. The performance is represented as average accuracy ± standard deviation. For PIE data, we use images of the
irst 50 persons of five near front poses (C05, C07, C09, C27, C29) as training data; for Face95 data, we use images of the first 20 persons; for the others, we use
he whole data.
w

B
t

abel and spatial information from the data, while the exploration
f various regularizers for w is not within the main scope, we
ill mainly consider q = 2 in this paper, which leads to the

inal model of our paper, i.e., the L2-regularized Two-Dimensional
Discriminative Regression (L2-TDDR):

min
w,P

∥x0P −

n∑
i=1

xiPwi∥
2
F + γ

n∑
i=0

∥xi − xiPPT
∥
2
F

+ λSw(w, P) + β∥w∥
2
2, s.t. PTP = Ir .

(6)

We will develop an efficient optimization method in Section 4.
Afterwards, we will present how to decide the category of x0 with
the solution of (6).

In this paper, we mainly focus on linear relationships of the
2D features. This linear model provides us with a concrete way
of exploiting 2D features and discriminative information in a
regression model, which is the key contribution of this paper.
Standard ways can be used to extend our model to address
nonlinear relationships of the data, such as exploiting structures
of the data on manifold [59,60] or with nonlinear 2D feature
mapping [61]. Also, it is noted that spatial information of the data
can be preserved from both sides of the data [62]. These, however,
are not in the main scope of this paper and will be considered in
future work.

4. Optimization

In this section, we will develop an efficient iterative optimiza-
tion procedure for solving (6). In particular, at each iteration we
will fix one variable while keeping the other fixed and solve the
corresponding sub-optimization problem.

4.1. P-minimization

From (6), the P-associated sub-problem is defined as:

min
PT P=Ir

∥x0P−

n∑
i=1

xiPwi∥
2
F +γ

n∑
i=0

∥xi−xiPPT
∥
2
F

+ λTr
( nj∑ g∑

(wj
ix

j
iP − µj)(wj

ix
j
iP − µj)T

)
.

(7)
i=1 j=1

4

It is seen that the objective in (7) can be reduced tox0P −

n∑
i=1

xiPwi

2
F

+ γ

n∑
i=0

xi − xiPPT
2
F

+ λTr

( nj∑
i=1

g∑
j=1

{
PT
(
w

j
ix

j
i −

1
nj

nj∑
s=1

wj
sx

j
s

)T

×

(
w

j
ix

j
i −

1
nj

nj∑
s=1

wj
sx

j
s

)
P
})

= Tr(PT (H1 − γH2 + λH3)P),

(8)

here

H1 = (x0 −

n∑
i=1

xiwi)T (x0 −

n∑
i=1

xiwi),

H2 =

n∑
i=0

xTi xi,

H3 =

nj∑
i=1

g∑
j=1

(wj
ix

j
i−

1
nj

nj∑
s=1

wj
sx

j
s)

T (wj
ix

j
i−

1
nj

nj∑
s=1

wj
sx

j
s).

ased on the definitions of H1, H2, and H3, it is easy to check
heir symmetric property. Hence, the P-associated sub-problem
is reduced to the following eigenvalue decomposition problem:

min
PT P=Ir

Tr(PT (H1 − γH2 + λH3)P), (9)

whose solution is given by

P = eigr (H1 − γH2 + λH3), (10)

where the operator eigr (·) returns the eigen vectors of the input
matrix associated with its smallest r eigenvalues.

4.2. w-minimization

The subproblem of w-minimization is

min
w

∥x0P −

n∑
i=1

xiPwi∥
2
F + β∥w∥

2
2

+ λTr(
nj∑ g∑

(wj
ix

j
iP − µj)(wj

ix
j
iP − µj)T ).

(11)
i=1 j=1
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For the first term, it is seen that

min
w

∥x0P −

n∑
i=1

xiPwi∥
2
F

=Tr(PTxT0x0P) − 2Tr(PTxT0
n∑

i=1

xiPwi)

+ Tr((
n∑

i=1

PTxTi wi)(
n∑

i=1

xiPwi))

=wTQw − 2LTw + ξ

(12)

here ξ = Tr(PTxT0x0P) is a constant while Q ∈ Rn×n and L ∈ Rn

are defined in an element-wise manner as:

Q = [Q ]
n
s,t=1, Qst = Tr(PTxTs xtP)

L = [L]ns=1, Ls = Tr(PTxT0xsP).
(13)

For the third term, we have

Sw(w, P)

=Tr

⎛⎝ g∑
j=1

nj∑
i=1

(wj
ix

j
iP − µj)(wj

ix
j
iP − µj)T

⎞⎠
=Tr

( g∑
j=1

nj∑
i=1

{
(wj

i)
2PT (xji)

TxjiP

− 2wj
i
1
nj

nj∑
s=1

wj
sP

T (xji)
TxjiP

+ (
1
nj

nj∑
s=1

wj
sP

T (xji)
T )(

1
nj

nj∑
s=1

wj
sx

j
iP)
})

=Tr

( g∑
j=1

nj∑
i=1

{
(wj

i)
2PT (xji)

TxjiP

− 2wj
i
1
nj

nj∑
s=1

wj
sP

T (xjs)
TxjiP +

1
n2
j

nj∑
s=1

nj∑
t=1

wj
sw

j
tP

T (xjs)
TxjtP

})

=Tr

( g∑
j=1

nj∑
i=1

(wj
i)
2PT (xji)

TxjiP

− 2
g∑

j=1

1
nj

nj∑
s=1

nj∑
t=1

wj
sw

j
tP

T (xjs)
TxjtP

+

nj∑
i=1

g∑
j=1

1
n2
j

nj∑
s=1

nj∑
t=1

wj
sw

j
tP

T (xjs)
TxjtP

)

=Tr

( g∑
j=1

nj∑
i=1

(wj
i)
2PT (xji)

TxjiP −

g∑
j=1

1
nj

nj∑
s=1

nj∑
t=1

wj
sw

j
tP

T (xjs)
TxjtP

)
=wTHw − wTBw,

(14)

here the diagonal matrix H and block diagonal matrix B are
efined as

ii = Tr(PTxTi xiP) (15)

= diag{B1, B2, . . . , Bg
}, (16)

ith each block of B on diagonal being defined in an element-
wise manner as

Bj
= [Bj

]
nj
s,t=1, Bj

st =
1
Tr(PT (xjs)

T (xjt )P). (17)

nj

5

Hence, (11) is reduced to the following optimization problem:

min
w
wT (Q + λH − λB + βIn)w − 2LTw. (18)

he convexity of (18) is guaranteed by the following proposition:

roposition 1. The matrices Q and H −B are positive semidefinite
(p.s.d).

Proof. ∀z ∈ Rn, we have

zTQz =

n∑
s=1

n∑
t=1

zsztTr(PTxTs xtP) = ∥

n∑
s=1

zsxsP∥
2
F ≥ 0.

Hence, it is seen that Q is p.s.d.
Due to the block diagonal structure of H − B, we only need

to show that each of its block is p.s.d. Denote its jth block as
(H − B)j = H j

− Bj
∈ Rnj×nj , with H j

ii = Tr(PT (xji)
TxjiP) for

= 1, . . . , nj, it is seen that ∀y ∈ Rnj we have

yT (H j
− Bj)y

=

nj∑
s=1

y2sH
j
ss −

nj∑
s=1

nj∑
t=1

ysytB
j
st

=

nj∑
s=1

y2s Tr(P
T (xjs)

TxjsP) −

nj∑
s=1

nj∑
t=1

1
nj
ysytTr(PT (xjs)

TxjtP)

=
1
2nj

nj∑
s=1

nj∑
t=1

∥ysxjsP − ytx
j
tP∥

2
F ≥ 0.

ence, the blocks of H − B are p.s.d and so is H − B. □

Thus, it is clear that the Hessian matrix of (18), i.e., Q + λH −

B+βIn = Q +λ(H−B)+βIn, is strongly convex as long as λ > 0
nd β > 0. This suggests that (18) admits a closed-form solution
y its first-order optimality condition:

= (Q + λH − λB + βIn)−1L. (19)

.3. Convergence

The proposed optimization strategy leads to convergence of
he objective function values, which is guaranteed by the follow-
ng theorem.

heorem 1. Denote the objective function in (6) by f (w, P). Under
he updating rules of (10) and (19), the value sequence {f (wk, Pk)}
s decreasing until convergence.

roof. By the definition of f (w, P), it is clear that the objective
unction is nonnegative and thus bounded. With simple algebra,
t is easy to verify that

(wk, Pk−1) ≤ f (wk−1, Pk−1)

nd

(wk, Pk) ≤ f (wk, Pk−1).

In particular, β > 0 in this paper, which makes (18) strongly
onvex and thus f (wk, Pk−1) < f (wk−1, Pk−1) unless already
onvergent. Thus, it is seen that f (wk, Pk) < f (wk−1, Pk−1). Due
o the boundedness and the decreasing property, the sequence
f (wk, Pk)}∞k=1 converges. □

Moreover, we always observe that {f (wk, Pk)}∞k=1 converges to
local minimum in the experiments. Besides the convergence
f {f (wk, Pk)}∞k=1, we will empirically show the convergence of
w } and {P } in later section. While the convergence of variable
k k
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equences is always observed in experiments, due to the non-
onvexity of (6), theoretical analysis of the convergence of the
ptimizers is difficult and will be a future research line.

Algorithm 1 L2-TDDR-based classification
1: Input: Training examples xi ∈ Ra×b for i = 1, · · · , n, class labels yi ∈

{1, 2, · · · , g}, with yi = m if
∑m−1

j=1 nj + 1 ≤ k ≤
∑m

j=1 nj for m = 1, · · · , g ,

a test example x0 ∈ Ra×b , λ ≥ 0, γ ≥ 0, β > 0, maximum number of iterations
kmax .

2: Initialization: w0 and P0 , iteration k = 1.
3: repeat
4: Compute H1 , H2 , and H3 by (15).
5: Compute Pk by (10).
6: Compute Q , H , and B by (13), (15)–(17).
7: Compute wk by (19).
8: k = k + 1.
9: until k ≥ kmax or convergence
0: Compute δj for j = 1, · · · , g by (20).
1: Estimate the label for x0 by (21).
2: Output: Estimated class label for x0 .

5. Classification with L2-TDDR

By solving the problem of (6), we obtain an optimally esti-
ated representation coefficient vector, denoted by w⋆. Next, we
ill use w⋆ to determine the category of x0.
The category decision function is built with the projection of

rojected data onto the subspace spanned by each group. That is,
he projection of x0P onto the subspace of Cj is

j :=

n∑
i=1

xiP(w⋆|Cj )i =

∑
xi∈Cj

xiP(w⋆|Cj )i,

here w⋆|Cj∈ Rn represents a vector that is obtained by restrict-
ng w⋆ to Cj, i.e., (w⋆|Cj )i = w⋆i 1{xi∈Cj}, with 1{·} being the indicator
unction.

For the complement of Cj, we define a disjoint group C̄j =

∪
g
s=1,s̸=jCs as a union of all groups except for Cj. Similarly, the

projection of x0P onto the subspace of C̄j is

ψ̄j :=

n∑
i=1

xiP(w⋆|C̄j )i =

∑
xi ̸∈Cj

xiP(w⋆|Cj )i.

Then, we define

δj := ∥x0P − ψj∥
2
F+ ∥ ψ̄j ∥

2
F , (20)

which measures the dis-similarity between x0 and the examples
in class Cj in the projected feature space. When x0 truly belongs
to Ck, it is natural that ψk =

∑nk
i=1 x

k
i P(w

⋆
|Ck )i ≈ x0P , while

ψ̄k ≈ 0 due to the class separability properties imposed by
the discriminative regression, and thus, δk is approximately 0;
whereas for j ̸= k, ψj =

∑nj
i=1 x

j
iP(w

⋆
|Ck )i ≈ 0, while ψ̄j ≈ x0P as

C̄j ⊇ Ck, and thus δj is approximately 2∥x0P∥
2
F . Hence the decision

rule picks Ck for x0, which is the class with minimal dis-similarity.
Formally, the decision rule can be written as:

j = argminj∈{1,...,g}δj. (21)

Now, we obtain the L2-TDDR classification method for small-
sample image data, which is outlined in 1. Related parameters
such as λ, γ , and β can be chosen using the standard cross
validation (CV).

6. Experiments

In this section, we conduct extensive experiments to verify the
effectiveness of the proposed method. In particular, we compare
our method with several state-of-the-art traditional classifiers on
small-sample image data, including SVM, KNN, C4.5, and Naive
6

Bayes (NB). Moreover, we compare our method with two feature
selection methods, including FSAE [63] and RFS [64] and two deep
leaning-based methods, including VGG [65] and InterBoost [66].
All these methods are tested on several widely used image data
sets, including Extended Yale B (EYaleB), AR, Jaffe, ORL, Yale, PIX,
PIE, and Face95. We will present detailed experimental settings
and results in the following subsections.

6.1. Comparison of performance

For each data set used in the experiment, we scale all its
images to have unit Frobenius norm. For all the methods in com-
parison, we conduct the leave-one-out cross validation (LOO-CV)
to select their parameters. The detailed strategy of parameters
selection is discussed as follows. For SVM, we consider using
different types of kernel functions in the experiments, including
the radial basis function (rbf), polynomial, and linear functions.
We follow the strategy in [67,68] and present the results of
SVM using different kernel functions separately. In particular,
we denote SVM with rbf as SVM(R) and SVM with polynomial
or linear kernel function as SVM(P). For SVM(R), the radius pa-
rameter is selected from {0.001, 0.01, 0.1, 1, 10, 100, 1000} by
the LOO-CV; for SVM(P), the power parameter is chosen from
{2, 3, 4, 5, 8, 10} by the LOO-CV. For KNN, there are multiple
choices for the measures of distance between examples, such as
the cosine and Euclidean distances. In a way similar to SVM, we
report the results of KNN using different distance strategy sepa-
rately. In particular, we denote KNN using the cosine distance and
Euclidean distance strategies by KNN(C) and KNN(E), respectively.
For both KNN(C) and KNN(E), the number of neighbors is selected
by the LOO-CV from the set of {2, 3, 4, 5, 6, 7, 8}. For C4.5, the
percentage of incorrectly assigned samples at a node is selected
from {5, 6, 7, 8, 9, 10}. Among the feature selection methods,
FSAE is a supervised method while RFS is an unsupervised one.
For these methods, we apply them to the data sets to select the
top 100 features, on which the standard classifier KNN is adopted.
Here, without loss of generality, the Euclidean distance is adopted
for the KNN classifier. For the deep learning methods, due to
heavy computation, we select parameters by the 10-fold CV. For
the proposed method, all parameters are chosen by the LOO-CV
within the set {0.001, 0.01, 0.1, 1, 10, 100, 1000}. We report the
classification performance of all methods in Table 1. It is observed
that the proposed method achieves the best performance on 7
out of 8 data sets. In particular, our method has improved the
prediction accuracy by 10%–30% on PIE, EYaleB, Yale, and AR data.
On Jaffe and PIX data sets, all methods in comparison have high
accuracy whereas our method is the best with 100% accuracy. It
is seen that on Face95 data set, the proposed method achieves
the top third performance, which is inferior to InterBoost and
VGG. However, it should be noted that the proposed method has
significantly improved performance compared with InterBoost
and VGG on other data sets. These examples have confirmed
the effectiveness of the proposed method for image classification
task. Moreover, some data, such as EYaleB, are heavily corrupted
by noise, and thus the superior performance of the proposed
method shows that it is more robust to noise than the other
methods in comparison. To further investigate its robustness,
we will conduct experiments on noise corrupted data in the
following tests.

6.2. Performance on corrupted data

In real world applications, corruptions by noise may occur
and make image classification or object recognition challeng-
ing. In this test, we compare all methods on corrupted data
to benchmark the robustness of our method. We consider two
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able 2
lassification Accuracy of SVM, KNN, NB, and L2-TDDR on Randomly Corrupted Yale Data.
Corruption Portion SVM(R) SVM(P) KNN(E) RFS(100) FSAE(100) KNN(C) C4.5 NB VGG InterBoost Ours

10% 0.6400 0.6467 0.5800 0.3200 0.3200 0.5467 0.3867 0.6000 0.4667 0.4711 0.7800
±0.1090 ±0.1070 ±0.1346 ±0.0447 ±0.0447 ±0.0869 ±0.0380 ±0.0972 ±0.0667 ±0.0607 ±0.0650

20% 0.5933 0.5667 0.5333 0.2600 0.2200 0.5467 0.2533 0.6067 0.4133 0.4178 0.7333
±0.0596 ±0.0850 ±0.1155 ±0.0149 ±0.0380 ±0.1193 ±0.0606 ±0.0894 ±0.0748 ±0.0529 ±0.0782

30% 0.6000 0.6267 0.5067 0.1867 0.2000 0.5133 – – 0.2533 0.3556 0.6600
±0.1027 ±0.1362 ±0.1441 ±0.0298 ±0.0236 ±0.0901 – – ±0.0400 ±0.0450 ±0.1065

40% 0.4800 0.5000 0.4133 0.1933 0.2467 0.4000 – – 0.3133 0.3111 0.6267
±0.0691 ±0.0972 ±0.0650 ±0.0796 ±0.0447 ±0.0850 – – ±0.0499 ±0.0511 ±0.1278

50% 0.4533 0.4800 0.3600 0.1733 0.1600 0.3400 – – 0.2400 0.2911 0.5267
±0.0691 ±0.0767 ±0.0863 ±0.0279 ±0.0279 ±0.0365 – – ±0.0442 ±0.0542 ±0.0641

60% 0.3467 0.3467 0.2133 0.1133 0.2000 0.2800 – – 0.2467 0.3222 0.4467
±0.0380 ±0.0279 ±0.0606 ±0.0183 ±0.0333 ±0.0183 – – ±0.0748 ±0.0625 ±0.0380
Table 3
Classification Accuracy of SVM, KNN, NB, and L2-TDDR on Randomly Corrupted Jaffe Data.
Corruption Portion SVM(R) SVM(P) KNN(E) RFS(100) FSAE(100) KNN(C) C4.5 NB VGG InterBoost Ours

10% 0.9200 0.1000 0.9750 0.8350 0.9400 0.9800 0.6900 – 0.1000 0.1000 1.0000
±0.0112 ±0.0000 ±0.0177 ±0.0675 ±0.0481 ±0.0112 ±0.0802 – ±0.0000 ±0.0000 ±0.0000

20% 0.7900 0.1000 0.9350 0.5750 0.8850 0.9550 0.6000 – 0.1000 0.1000 0.9650
±0.0137 ±0.0000 ±0.0285 ±0.0685 ±0.0224 ±0.0209 ±0.1146 – ±0.0000 ±0.0000 ±0.0285

30% 0.6200 0.1000 0.9000 0.3600 0.8200 0.8450 – – 0.1000 0.1000 0.9300
±0.0481 ±0.0000 ±0.0354 ±0.0675 ±0.0694 ±0.0411 – – ±0.0000 ±0.0000 ±0.0326

40% 0.3050 0.1000 0.8200 0.2850 0.4450 0.7700 – – 0.1000 0.1000 0.8300
±0.0481 ±0.0000 ±0.0447 ±0.0548 ±0.0622 ±0.0112 – – ±0.0000 ±0.0000 ±0.0481

50% 0.1000 0.1000 0.6350 0.1900 0.2150 0.6650 – – 0.1000 0.1000 0.6900
±0.0000 ±0.0000 ±0.0822 ±0.0137 ±0.0418 ±0.0379 – – ±0.0000 ±0.0000 ±0.0652

60% 0.1000 0.1000 0.5550 0.1350 0.1800 0.5450 – – 0.1000 0.1000 0.6200
±0.0000 ±0.0000 ±0.0837 ±0.0675 ±0.0274 ±0.0891 – – ±0.0000 ±0.0000 ±0.0694
Fig. 1. Some examples of block-wisely corrupted Jaffe data (on top) and element-wisely corrupted Yale data (on bottom).
ypes of corruptions: element-wise and block-wise corruptions.
or each type, we add different levels of corruptions on Yale
nd Jaffe data sets used in Section 6.1. Some examples of cor-
upted data are shown in Fig. 1. We conduct experiments on
hese data sets with all experimental settings following Sec-
ion 6.1. We report the classification results in Tables 2–5. It is
7

observed that the proposed method outperforms the other meth-
ods in comparison with significant improvements. For example,
on block-wisely corrupted Jaffe data, the recognition accuracy of
our method is still promising with heavy noise, whereas the per-
formance of other methods degrades drastically. On block-wisely
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able 4
lassification Accuracy of SVM, KNN, NB, and L2-TDDR on Block-wise Corrupted Yale Data.
Block Size SVM(R) SVM(P) KNN(E) RFS(100) FSAE(100) KNN(C) C4.5 NB VGG InterBoost Ours

8 × 8 0.5067 0.5000 0.4000 0.3467 0.3867 0.3800 0.3800 0.5267 0.5000 0.5444 0.8400
±0.0796 ±0.0972 ±0.0471 ±0.0691 ±0.0767 ±0.0558 ±0.1386 ±0.0796 ±0.0730 ±0.0461 ±0.0435

12 × 12 0.2867 0.3067 0.1867 0.3067 0.1333 0.1800 0.3200 0.4533 0.4400 0.4622 0.7267
±0.0506 ±0.0641 ±0.0298 ±0.0760 ±0.0624 ±0.0380 ±0.0606 ±0.0901 ±0.0904 ±0.0437 ±0.0796

16 × 16 0.2400 0.2467 0.1000 0.3600 0.3200 0.0933 – – 0.4200 0.3844 0.6800
±0.0279 ±0.0558 ±0.0236 ±0.0641 ±0.0606 ±0.0279 – – ±0.0340 ±0.0765 ±0.0960

20 × 20 0.2800 0.3267 0.1800 0.4667 0.3667 0.2133 – – 0.4200 0.4067 0.6667
±0.0506 ±0.0863 ±0.0380 ±0.0527 ±0.0972 ±0.0767 – – ±0.0400 ±0.0683 ±0.0527

24 × 24 0.1867 0.1933 0.0933 0.1800 0.2200 0.0267 – – 0.2600 0.2556 0.4600
±0.0506 ±0.0435 ±0.0435 ±0.0506 ±0.0380 ±0.0279 – – ±0.0490 ±0.0351 ±0.0596
Table 5
Classification Accuracy of SVM, KNN, NB, and L2-TDDR on Block-wise Corrupted Jaffe Data.
Block Size SVM(R) SVM(P) KNN(E) RFS(100) FSAE(100) KNN(C) C4.5 NB VGG InterBoost Ours

4 × 4 0.9550 0.1000 0.9750 0.9650 0.9700 0.9850 0.8300 – 0.1000 0.1000 1.0000
±0.0209 ±0.0000 ±0.0177 ±0.0224 ±0.0209 ±0.0224 ±0.0837 – ±0.0000 ±0.0000 ±0.0000

8 × 8 0.8100 0.1000 0.7300 0.7650 0.9600 0.6850 0.8600 – 0.1000 0.1000 1.0000
±0.0379 ±0.0000 ±0.0481 ±0.0994 ±0.0285 ±0.0548 ±0.0548 – ±0.0000 ±0.0000 ±0.0000

12 × 12 0.5950 0.1000 0.4050 0.5350 0.6900 0.3750 – – 0.1000 0.1000 0.9950
±0.0647 ±0.0000 ±0.1052 ±0.1009 ±0.0802 ±0.0771 – – ±0.0000 ±0.0000 ±0.0112

16 × 16 0.4500 0.1000 0.5150 0.5200 0.9100 0.4700 – – 0.1000 0.1000 0.9900
±0.0637 ±0.0000 ±0.0335 ±0.0570 ±0.0137 ±0.0716 – – ±0.0000 ±0.0000 ±0.0137

20 × 20 0.1150 0.1000 0.3150 0.3100 0.1000 0.2650 – – 0.1000 0.1000 0.9850
±0.0335 ±0.0000 ±0.0454 ±0.0802 ±0.0000 ±0.0859 – – ±0.0000 ±0.0000 ±0.0137
corrupted Yale data, the proposed method has about 10%–40% im-
provements compared with the second best performances. These
results demonstrate the robustness of the proposed method, sug-
gesting that it is suitable for real world applications in the pres-
ence of noise.

6.3. Reconstructed features

In Fig. 2, we show some component and reconstructed features
o demonstrate the effects of projections obtained P visually.
Here, we show some examples of Yale data. We extract the top
7 orthogonal projection directions to seek the subspaces with
the most expressive features. With these projection directions,
we visually show the component feature extracted by the jth
projection direction as well as the recovered feature by the first
j projection directions. 1, 3, 5, 7 features. It is observed that
the major information is retained by the first several component
images such that the original image can be well reconstructed by
these components.

6.4. Convergence

We have theoretically shown that the proposed algorithm
guarantees that the value of the objective decreases until con-
vergence. In this test, we further show some empirical results in
Fig. 3 to show the convergence property of the algorithm. In this
test, without loss of generality, we fix λ = 0.001, β = 0.001,
γ = 0.001, and r = 9. We show the results on 5 subsets of Jaffe,
Yale, and PIX data sets. It is seen that the objective value of the
proposed algorithm converges within a few number of iterations,
implying fast convergence of our method. Moreover, we have
observed that the sequences of {wk} and {Pk} always converge
in our experiments. In this test, we empirically illustrate this
property. Throughout this test, for illustration and without loss of
generality, we fix λ = 0.001, β = 0.001, γ = 0.001, and r = 3.
We conduct experiments on 3 subsets of ORL, Jaffe, and EYaleB
8

data sets and report the results of convergence in {wk} and {Pk}
in Fig. 4, respectively. In particular, we use the relative differences
between two consecutive iterations, ∥wk − wk−1∥2/∥wk∥2 and
∥Pk−Pk−1∥F/∥Pk∥F for illustration. It is observed that the variable
sequences converge within a few iterations, indicating the fast
convergence of the proposed algorithm. For the curve of absolute
differences, we may observe similar convergence patterns.

7. Conclusion and future work

In this paper, we propose a novel classification method for
small-sample image data. For a test example, the method es-
timates a discriminative representation from training examples
while preserving class information. The representation is learned
in the subspace which is obtained from the direct projection of
the 2D feature space of images and has the most representative
2D structural information, and thus inherent spatial information
of the image data is retained, leading to the most expressive and
discriminative representation. The optimization algorithm admits
a closed-form solution at each iteration with theoretical conver-
gence of the objective value sequence and fast empirical conver-
gence of the variable sequences. Extensive experiments testify to
the effectiveness of our method and its strong robustness to noise
and corruptions.

There are several interesting directions of further research
lines for our work, which are summarized as follows: (1) It is
interesting to retain spatial information of the data from two
sides of the examples; (2) Without loss of generality, we have
used ℓ2 norm to regularize the weight vector. It is interesting
to adopt group-aware regularization for the weight vector; (3)
It may be potential to extend the current model to multi kernel
scenario, which improves the ability of learning optimal nonlinear
structural information from data. Since these directions are out of
the main scope of this paper, we do not fully expand them and
will study them in further work.
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Fig. 2. Images on the top are the component features xiPjPT
j of xi , where from left to right j represents 1, 3, 5, and 7, respectively. The bottom panel are the

reconstructed features
∑J

j=1 xiPjP
T
j of xi , where from left to right j represents 1, 3, 5, and 7, respectively. Here, Pj denotes the jth projection direction in P .
Fig. 3. Some examples of empirical convergence of objective value on Jaffe, Yale, and PIX data.
Fig. 4. Some examples of empirical convergence of {wk} and {Pk} on ORL, Jaffe and EYaleB data.
9
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